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Teacher' s . Commentary
y

/
--1. 'FOREWORD

. .

Herevare same comments and a course utrine flom the Adpanced Placement ,
_ or

. Da?-cti,ls:, AB Syllaf) & ofthe Coilege Entrance Examinati\ an Board. .

-
1 0f

This course is intended for students who have a ihoroligh know-
ledge of college prreparatory, mathematics, including algebra, axio-'
matic geometry, trigonometry, and analytic geometry (rectangular and
polar coordinates [Al], equations and graphs, lines, and conics). It
does not assume that they have acquired sound understanding of the
theory of elemen,tary functions. The development of this understand-

.4r4g'.hfils first prioritSr. . ' .

. A course in elementary, functions and introductory calculus can
be arranged in many ways, end- the arrangement suggested,. in the
'following course, outline for Calculus AB is not intended to be pre-,
scriptive. '[The locati of a topic in the SM.59 text is indicated
inside brackets, where refers to Chapter and A to Appendix.).
In this version the special fudctions are first studied in some
detail with the aid of ealculs, which is introduced intuitively,
and later [c8] the general tec,hniques . of calculus are developed and,,applied to a wide class of 'furictions.

,1. Polynomial Functions '
.a. 'Definition of polynomial functions; function notation (Cf,A1]

b. Algebra of polynomials (degree, division algohthm, remain-_

der theorem, factor theorem, existence and number of roots,
aocation of rational roots, approximation, of irrational
roots) [Cl,A2]

c. Derivative (slope of the tangent lfne) (C2,4,6,8]
d. Application's of derivatives .

(1) Graphs (iriereasing and decreasing functions, re Live
maxibum and minimum'points, concavity, and points of
inflection) (C2,1,6,8]

(21) Extreme value problems [02,4,6,8] .,

< "(3) Veloqity and acceleration of a particle moving along
a line [C2].

Antiderivatilie_ ')%1

(1.) Distance and velocity from' acce4ration with initial.\

conditions [C7,9] "1-

/ . .

(2) Polynomials as solutions of y
(n) = 0 (nth. deyivative

s identically zero) [C9] -,
t

2. Sine and Cosine Fun tions .

a. Definition, fu damental identities, addition formulas [03]
7 'c.v.. Graphs and periodicity of A ;in (bx c) and

A cos (bx + c) [C3] .
c. Derivsitives of sini x' and cos x [C4]

,,
11A

L.)
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d. Derivatives Of .sin (bx'+ c) and cds (bx + -c) [C4]
.:r

e. Linear approxiraation of siia' x near x = a IC4] 45

... . r ' ...r . . .

f .4' Polynontial approximatio of sin x and cos x CC14P
,

, fp. Antideriyatives [C7.,91
,.

"Se
i

2h.' Solutions*of y" = -k y; simple harmonic motion' [C9]

' 3 : Exponential and Logarithmic ,Functions .... :

a. The functioni ax 'and loge x (fOi-a > 0, a / 1,
,

and'

x > 0); properties, graphs; their inverse relationship [C5]
..

, ti,. The nunter e such that - - ] . ( l.(3. +
f
--
ol
) = e and. sc. -

, ,

, ex - 1
liM [

4r
C54]

$9,

ic 1
X 4 0 0 4

.
1

#

. .c. -The dei-ivatives of the. exponential functions' ex and AelPc ;
r -

[C6)y
and of the logarithmic ftinction In x ki..e., log' ex)

v...... ,-, , _,

:--- z- -a:- SOIutions__of y1 = 1Cy and of - y1 = cx-1; applicdtions .15
[C7.12.91growth and decay

, ../ J . .

. e. Polynomial approximations of ex and ln(1 +. x;)- [a7,9]. ],
I.

,

0 ., . tile'

.t

Average and t Integpl. . ,rea, Value; Definite .

' ;a.,, Concepts of area and average (mean) ordinate [C7] '

, .

° b. Approximations; by inscribed and circumscribed rectangles
and bey trapezoids [C7] .:.

c. The definite' integral;, definition and. properties [C7]

. d. The ,ftfndamktal theorem [C7] ..;
4 *, '

A

e. Calculation of ag60 and average "values for polynomial,
sine,' cosi:mei-an& exponential functions 1:ly the _fundamental
theorem' ,[C-(] _I ...

. .

. 5. 'Calculus of More I.,
GeneiarFitnctions : .' -` '

a,_ The function concept; algebra of functions:
. sunk product,

. 14

. quotient,. coMposite, inverse [A1,C8]

b'. Litnits Of/functions; statement of .properties [41.61 , 4

c. ,Continuity (A7) , _

4.
.

P
. d. finI-tic:1 'n of the derivative (C2,8]' .. ..

e. De ivativ of sum, product,, quotient (inatiding tan x) Ws}

7, '-': 7 °1 f. Ieri'v'a-ae` 'oi il ' composite ttuit ion "( elm inTili414)' 1 68- i*-- 7 , , -'-',

, . .
. .,

. 3.- Derivative of an implicitly defined function; logarithmic
,.

1
. differentiation [C8] . 1

. 1 ,.. ht Derivative of *Ei rational gbwer of a functiion [ ,0 , ;
--

'14

'.1

'i! Derivatfve of the 1.nverse 'of a" function (including. 'arc . z

41 . sin X and arc'tan x) [68] - :`
.,.., .

-.. 9

,. 3. Integration by substitution [C9]
, .

.
4

r
P r

See Teacher's Commentary for Section 4-3.
,
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b

I
, . .....

k. `Rolle's theorem; mean value theorem [C8]

2. Applications of the derivative " .

(1)1pippe of a curie (C2,4;5,81' , "'

A u

,

(2) Avgage eel-instantaneous ratessof:dhange°[C2,4,6,8].

(3) MaxiMuncadd minimum valuep,-both xrelative and
absolute (C2,4,6,8 -.

i. 1r ,. . . 1

(4) DiscussionNnd sketching of curves (including syeh

'functions as ex sin x and If(x)1).(0,8]

(5) Related rateErof change [0]
i

MN ApilicatioobrOf the integral'

- (1) Average (mean) value-`of a furietiom on an ihteiial [0]
,. .- : . - .

(2) Areas between curves [C

(3) Volumes ofsimple solids of revolution [C9]

(4) Use of integration and inequalities, to iet'po/ynomial.

apprexiMatioAs to sin x, cos.x, ax; ln(1 + i) (C9].

15) Interpret4;ion of ln.x Itsjirea'underthe graph of

[c7,9]

We have attempted towrite the text -- not'for the mathemat an lOoking

4 a . r ,

over our shoUldIr -- but for the student sitting before us.
/

)1,

a
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Teacher's Commentary .'

Chapter 1

POLYNOMIAL FUNCTIONS
.

.I.

1
. We liave intentionally avoided a general dicussiOn of functiOns in favor

uP a more concrete beginning with. polynomial functions.

,

/

44,.Since the concept of a function is basic in the study tf calculus, the,'

student should have a clear understanding of the cqncept as well -as felated
-/

gattaajsuch as functional notation, operations on Ifurigt''tOris (e.g., composi7

tion and inversion). We shall consider these matters as we discuss special

classes of functions such as polynomial functions, rational fUnctttns, the

:%ircular(trigonometrig) functions, 6xponential and logarithmic functions, 'etc.

We have intentionally not given a formal definition of function. The pre;

cise definition of function can be fbrmulated in many ways: as a set of ordered

pairs (usually, ordered pairs of numbers), as an association or correspondence

between two sets, etc. But no matter 1.hat definition we choose fOr a function,'

threbthings are required: a set called its domain, a set called its range,
s

and a way orselecting a member 'of t'lle range for each ,member of the domdill.
, -

For example, we could dente a function as an association between elements,

.
/of two sets.

If with'each element of a set there is associated'exactly.,

one element of a set B, then'this EissocLation is called'a

t'unction.frOm A to B. The.set A is, called the domain of

the"function, and the set C. of all melwsrof B assigned

tpumembers of 4A by the function is called .the range o4 the

function. ... .

' 1

In this text we all be mostly concerned with functions whose domains
.... ,

. .

O

t,

", erelsaSets or real, numbers, and yhpse flanges are also subs$s ,c1f al.14mbers:
1 p

. More complicated. functions (like "Vectlpr:valued functions"),m y be built from

these. . ,
. "

) '

,,,, .

The range C may be the whole set B, in which case the function is .--' 1,-e ---. .
:called an onto function Or it'may be a proper subset of B. *In any case,

.

generally take, for B the whole set of peals, because a function is usually
.

. . . , ...

specified before its range is considered. ,-



1-0'

We follOw tile

: .
+

commo n'practice of representing a function by the letter

etc./ will also be used). If x. isf..(other'letters such as F, g, h, 0,

an'element of the domain of a function

nf'the
"
ranee which f 'assdiciates with 3

functioa., f et x", 'or` simply "f, at sr, or

used.tosugiest the apeociatIond'or f(x) xt

f, then f(x).- denotes the eleme6t

(Read for fx) "the value of the ' °

"f of x.") An arrow isi

(read "f take x

.function f or th4 element it

5elation between Z. and f(x).

."`

. f,: x'-411(x)

into f(x)"). This notation usAnotiving about the

.

is merely a symbolic description of the

.

As mentioned earlier, afunction is not completely defined unleta the

domain is specified. If no other information is given, it is a convenient

practice, especially when dealing witha .function defined by m, formula, to

*4

..-

' assume that th domain includes all real numbers for which Ae formula des-
. ,

11.bes a real number. For example, /if a domain is not specified for the nine-
.*

" 2x
c tion f : x ---T--- then the domain is assumed tO be thd set Of all real

x 49
numbers except 3 and -3. Sitilarly, ik. g is aifunctipn such that

'4

g(x) = 147i we assume,.
.

in the absence of any other. information, that the
. 2

.
'

......,

domain is the set of all realnumbers 'x from -2 to 2 qtnclusive:

,
i

, ,,

--. .
While we have riot, troublea the,ptudent with thin, welidote her that two

i .

functions f *and g are identidal iflandonly if they have,the Me domain

'and f(x)'= g(x) for each x. in their dOmain.

.
We believe that the graph of a function is perhaps'its most intuitively

illuminating representation since it .conveys imporotantinfOrmation.bout the

fudction at a'glanc. We invite yod to tell us where more graphs would be

helpful. ..

We assume. that the stup cuent knows that not every curve is the graph of a

.
function,.' In particular, our definition bf ftinotou ritquires thataifungtipn,

. ,
.

m4p each element pi' its domain,onto onlrone eleMent of its range. In terms

graph, of points of a graph, this means that the, pof a function does pOt contain 4

i
s

the p9irits (x1,y1) and (xl,y2) if
yl

A y'; 'i.e., twO points'having the

same abscissa but different ordinate's. Thins is the basis for the "vertical'llne'
i

test": if ip the xy-plane we imagine all pc:isible lines.w4ch are parallel to
, / t

they-axis, and if any of these lines cuts the grpph in more than one point, . .

then the graph'represents a relation which is not a functtad: Conversely, 1.4 ,

every kine.parallel to thp y-gXis tptersects a graph in at most one point,

. then the graph is that of a functiod. -. *

r

o

44.!

41.



Throughout this discqsston we have used the letters x and y to repre-

gent elements of sets. SAecificilly, if f is the function

f : x = f(4),

°4 then x represents an element (unspecified) in the domait of f, and y
II

represents the .corresponding element, idthe range of f. In many textbooks

'Jt and y are called variables, and since a particular value of y in the

range depends :bon a pary,eular choice.of_ x in the domain, x is called.
.%

the independent Nriable'and y the dependent variable. The functional rela-
*

tionship is then described by saying that "y is a function of x." While

this language is not frequently used in this text, we introduce it in Examples

1-la and b since it is not uncommon. and should be understood by the student.

If we avoid a generafi discussion of functions in the text, we also avoid

14 general discwsi:on of Aolynomials (in favor ofour concrete beginning with

polynomial functions.) We mention properties of polynomials along the way as

they relate to ?ur central discussion of the behavior (and in Chapter 2 the

calculus) of polynomial functions.

It is commoh practice to use the word "polynomial" when One means "poly-
.

nomial function.
II- Usually when we say polynomial we mean a matheetical

,expression in a particular form: Foxy:: Taatheplatical phrase to be a polynomial

it must sAisfy.twO conditions:

(a).` it must be formed from members of a particular set (initially in

othis toe the set consisting of the real numbers and variables);

(b) it must be formed using no indicated operations other than addition,

suttraction, ore'multiplieation. '

,

For your convenience we lista, few phrases which are polynomials and some

.examPleewhich are not polynomials.
.

.
...
Some Polynomials Some Nonpolynomiald

.(I) ,t
.

(6)
'

,fix - .07

(0:
' '(u - 13) (u + 6'

,

; (7-) ,

3

Y 5

(3) '.. 1/. x5'- An; +4;/7
, .

' s ,(8)
x It

x - 2

(4) ' - 98-

.

(9) .., 4)2'

(5)
.

32
2z

2
5a b c . + 2)(x

2
+ 1) '

3 7--- 2
x + 1

..

a



.- . ...

,..'As is the case with the set of integers the'set of polynomials is closed,

under addition, subtraction, and multiplication, but mat.underdivision. We
z: 2/pt.-v.:I, ., .,.., - - '

,
5

observe that .in (,) the rational numbers
2

and are, ultiplied by other'
i

expressions and no division is involved. We ;ay that (5) is a polynomial

, over the rationals or reels, while (3) is a polynomial over the reals. We

shill aAkee to refer-toeX'pressions such as (7); (81 and (10) es rational

expressions (suggested by the analogy with rational numbers). Eventhdugh

(107 is'the same as,the polypoiial x + 2' over, the reels and (8) is not,
.

.

'division ii indicated in each,case (in violtition of_condition'(0 of our

polynomial form requirements)., --i

Of interest to us are polynomial; of
. :

the form x

-, "
' ..

a' + a
1
x*

.
+ a

2
x
2

n-1
+ ... + an

-1
+ a

n
x
n
,..

,1

..

i

Where' at, al, an ,are real numbers, a
n

/ 0, and. n is a non-negative

Integer. We are especially concerned with functions defined by such poly-
,,

nomiiiis.' While we introduce'polynomial functions'in Section f-1, we do,,not
.

discuss the number n as the degree of the polynomial or polynomial, function

until Section 1-3. The - degree could be included in the definition of poly-

nomial
...,

nomiaunction if.you wish. A Rolynomial function of degree n, where A
. ,

[11

,

is a positive integer or, zero, is a,association

n1 -"`

: x anx
n

+?
, + + + a6, % 0

whereQthe domain is the'set 'R of all real numbers, and the range is' the aef,,(or a subset) of .real numbers ''

.

y = f(x), x e R).

While-the coefficients a
i

11= p, 1, ,..., 11) in general stand for any

real numbers, in our examples and exercises they will usually represent integers,

The student should uliderstanA that we could, extend the domain and range of poly-

nomiil functibns and the coefficients of f(x) to the complex numbersystem.

ter o
Y

k We call attention to the Sect, that the degree of a polynomial function is

uniciuely definea. That is-, if for all real X a given polYnomiai fundtioncati'

be .expressed as

and arao as

,

anxn +
'n-lx

)

a x a1. 0

.

f



.
.

x -)b,m x
m

+ b
mul

x
m-1

+ + b
1
x

b0,

then n muit'equal m, and the corresponding coefficients must also be equal,

41 = bi (i = 0, 1, 2, ..., n).

/ "'
proVe.this,Ibut_we.ttate it,..for_the sake of completeness before the

end of the chapte.

If the degree of a polynoMial function is 0, then the function is

.p.
f x -) a0' .a0 A 0,

"constant funCtion. In the text we find it useful to consider the special

constant function f x -.0 as a polynomial function, with f(x) called
,

the zero polynoVal. The tern polynomial hasi.no degrep and is not a poly-.

nomial of degree zero. We summarize:

f -x -)a
0'

a
0

/ 0., is a polynomial functionof degree 0;

f x 7) 0 is the 0 pblynomial, to which we !assign no 'degree.

,

In this chapter we hope to give the student (what. may be 1,9q...him) a first

introduction'to the graphs,of polynomial functions of degree g eater than 2, 4

and, incidentally, to Meinforce the technique of synthetic substitution.
1

7
Plotting a larv.number of points is riot a very efficient way to obtain the

graph Of a polynoiial fUnction,,but.vie believe that it is a 'helpful first'

step leading ultimately to proficiency in sketching graphs,by means of inter-

cepts, maximum and mihimutapoints, and points of inflection,: to be developed

I:T.:Chapter 2.

n The continuity of polynomial functions is as'sumed,.but we feel tliat

teachers should recognize the importance of this concept and be able to

satisfy students on an intuitifre level that the graph of a polynomial function

.contains no holes or breaks. The simple but tedious expedient of evaluating

f(x) for any suggested real number x = c, 'sind also for values of x near

shouldsconyinge students of the reasonableness of the assumption.
,

t " ,

7
.5



4.)

1.. g : d V

2. (a) 384

(a) No

(b)' parabolic

,

(c) 384 fic.*

(d) 584 ft.

. Solutions Exercises 1-1 .

d3.

%

--)

(e) The answers. are the same., After 4 seconds the pellet breaches a

height of 384 feet on the, way up. After 6 seconds, on the wad

down, the pellet again reaches a height of 384 feet.

(f)-.:M seconds

(g) 5 seconds

(h) 409 -feet

(c) y =

(d/ a pa,rabcIla v

(e)

k

7,

64 96 , 128
_

,
1. .0 a, 1,

(f) y =0 when x = 0 or x =128

(g) t = 4 when x =4128

(h) after 4 secOnds

i

(i) 128 feet

.0

6 15

4
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, 1111IP

. .

Solutions Exercises 1:.2

: - 1
,

-1. '(a)a) a ,
, )

(b) mi./hr.

(e). They are the same.

2. (a)

g(t) (in ft./sec.)

160

'12A

96

64 : t -) v = 32t

32 8 -

32

4

g(t) (in ft./sec.2)

gt : 32

24 -

(b). : t

4 5' t , 3. 2

(sec.)

7ftadeb-:-' 1- )ft*--'

sec.
sec.

2

(a) They, should.be the same: 4-4; ,.

, ..-

sec.

The ratio eet per second per second".is usually ssaiated with -

accele
,

In this case 32 ft,/sem.2 ief rs to the acCeleration.

due to t force of gravity at sealevei. In t isleerly exampl.e we
. .. .

'neglect the negative `sign with its *notation downward pull. i

Similarly we ten oiarily postpone the notion:o "negative velocity" ,

or the distinctio of speed as theabsolute 4itiu of velocity.
..,

5- ince the velocit V ft./sec. is directly? porpoiii al to the time t

ec, we man write v = mt, where in' is the constiint f proportionality. !

If v = 48 when t . -5. we get
42'

m = 32; consequent y weiobtain the

..! line* function g : t -*v = 32t. At impact when' ';t! = ;, v = g(?)'= 144;

' therefore, thejimpast 'Velocity is 144, ft./Sec.' , .

5

I

16
I

A



4. '.(a) = 1.

(b)

(c) =

(d) = 2

(). = 2
;

,
1(a) slope = 5

,

(b)' slope = -2

1
(c) slope = -

' (a) slope = *.
4

3

6. (a)' x 72x + 6

(b) f : x
$-

-2x - 7

(c) f x 0-2x + 7

, (a) f : x 42x + 13

"dlt

(a) -slope = -7
(b) slope = 6

(d)k. slqp
tc

=-2'

8. (a) lc -.),3x 7 2

'
,(b) x -2x, - 10

(c) o function

(a) x 4

. The graph bf f is a line with slope 3.

mimber 3, So V;Iat, g(x) = 3x 4-b, for some

g( -2) = 1,
`

that ..1 = -2) + b,
-c.4.1''-

4g : .x -4 3X + 7.

F

10. (af x -3x + 5

)" (05 3

'V

e the slope of .g is the

s yet finknown b. Since

= wand thus

(c) 'x -* -3x + 8 .
, ..

(d) x -Lt1-3x + 13 .

- -. iii, 4 '.,
t .

t t

ISIt



11. (a) ,f(a) = 5

..(b) f(3)

Pc) f(3) = 4,

12%. Yes. The slope of'the line through P and Q is -2 and the slope

Of the line through P and is, -2.' Two lines -threiz4zh the same

point with the same slope coincide. (Distance arguments coulralso be

used.),

13. "-(a) Q.(56.t---I00)&( 39-- 25 ) + 25 = .1(14) + 25 26.4
101 - 100

f(100.1) = 26.4

(b) .3(14) + 25 = 4.2 + 25 ='29.2 f(100.3) = 29.2

(c) f(101.7) = 48.8

.

(d) f(99.7) = 20'.8

f

111, (a) f(53.3) =-44(.3) + 25 . 11.8

.

41,

(b) f(53.8) = -10.2

(c) f(54.4) = -36.6 ",

'...

ft (d) f(52.6) = 42.6

15. 2x + 7y + 1 = 0

1 x -Oy + 8 = 0,

0
52x + Ty + 1 = 0

...

2x - 4y + 16 = 0

lly= 15

x - 3y + 4 = 0,

SA,ppe: ".=

y =
3

+b

1. 3 11

103". b 40"

33

x 103 ,,,

3 33 ""x
;,

= 0:

,

ft.
. The slopes of the Tines AB andiCDre' and the slopes of the

-....

lines AD and BC are - 2 .
.Since.Ae opposite tides are parallel

2

(have'the same slope), ABCD is a pa allelogram.

. 17. (a) C(4,8)

(b) C(5,-11)

9 .

9

I



18. i" -) 2 - 1

fa +LT = 1) - 1 = 2t + 1

Zierefore, P(t 1, 2t + 1) is on the graph of f.

19 (a) When t - 1 = 0, t = 1, f(t.- 1) = f(0) 3(1) + 1 = 4;
When) t -

-1 8,
-.

= f(8) = (9) + 1 28;-

When t = 1, f(t - 1)'= f(0) r. 12 + 1 =

t= 9, f(t - 1) = f(8) = 92 + 1= 2.

20. :140 j

;

. f(We have x1) = mxi + b, = mx2 + b.

Thus, f(x1) - f(x2) = mxi + (mx2 + b)

='111x1 nix2

= M(Xj. - x2).

Since in < 0 and x1 < x2 or xi, - x2 < 0, ,we 'get .in(x1 - x2) > 0.

TheY.efore, f(x1) - f(x2) > 0 or f(x1) >f(x2).

1
22. µ =

1 b.
g.:

m m

,24:- 3r-:=
1; x. +-9-

25. f(2x) 4x2 if 4x



4- SoltitionsExer-ctseri-il
.+ i

a

,

Most of Exerciaea1-3 are intended as review and heed not be assigned.

. If a student~ encounters difficulty with the calculus of quadratics in Chapter
- tY,

2, some of thftse.prOblems (done by familiar algebraic techniques)'udght serve

AA plauSibi ity 'tests for.new concepti and methods:.

/
(10 hstant

(6). itrar
e

).

tp;
, I t

linear

6).14UadratiC,

(e) 'quadratic

(f7 quadratic

'2. (a) 160 ft./sec.

(b) 20' ft./sec.

5.

,3 sec.

6:400 ft.

a) v <w

(b) v < w

(c) v > w

JY

y

.%

\,N,

1

\

= x
2

-\

1 2,
y x

. The points fp,q) and (-p,q) :are the same distance (Iq1 ,units) from

the X-axis and on the same side, of it; they are the same distance

(1131 units)/from the Y-axis and on oilibsite sides of it.

11

20

1



7. (a) 512 ft.

(b) 576ft.

r

A

.

(c) 576 ft. (In fact the Time-Life Building is 587 ft, high,and a

47th story window is about 576 ft. above the ground.)

(d) 1(4)- = 32o

(e 320 ft.

(t t 6

(g) seconds

8. (a), 4O0 ft.

(IC) {5 :seconds-
(a) a = -16, = 784

(b) 7 seconds

'10. (0,c)

upward

parabola

AY -axis

-`above

11. (a) 8 seconds.

41-(b) 1046 feet

12.6110ft.

(.0
,(b) 64

(c) 48 ft. 0 ft.

,

(a)

A

4.0

4k

:

.

2i



_ -Stra ight, ,up and straight, down.

.
'(f) parabola . t

, -1--3

13.

.
1-4. -1* ar0;1' e. or' 0 and 1

-. 3.. (a)__ 5 seconds
% -.

(b) 48 ft. or both ,

.. r
- .

(c after 4 seconds , r
(d) 'after 2 'seconds 4'

"(e) 64 Teet

,7

"

,
4' r

4

In our idealized 'Problem (No. 15) we say.nclose to the edge" and "nearly
- - 4

. . 7 . .

verEical path's to alloy' the ball to-miss the top *of the building in its
a

';vertical" descent 'all the wall to.t,he ground,. Similarly) when We'launch S'
--t;

,-

ojectile vertidally froth a platform 'we shaii-asslithe that the platform-. 1 ' _

..'
collapses on take-off, allowing the Projectile to dpscend all the

1

Way to the

-7

ground.
'; ,*

60'
.

It should be emphasized that while we picture the motion function at a

parabola, we think of the physicEil motion of the projectile itself as vertical..

Accordingly, we repeat the ihrases.ustraight up" and fist3;itight, dCA;n.' .

16. (a) For u 4,°v = w (b) For u =.0, .y- = w

For' u.< 4 or u > 4, v > w For u 0, v < w a
e

For" ,u < 0, v >

-.

r

tf

. -

,x ' 1
1

2

.
2

1 -Loc. -1+i- 3) _ +
. a 2

(a)

(b)

(c)

(a)

(e)

. ,
parab la ,

up rd. __.
x ='' 0

lo,o)
.

minimuml
..

parabola

upward

X ...-- 3

(3,0)

minimum

../'

.1

13

2%





rvo
2From part (it) we know that ap, = q.

Therefore, g(p'+ h) = k.

(c) ,q + k

(a) (2,o)
(e)

. We summarize importa6 properties `of' the graph of -3(4Ettx -_h)2 +4c.,

. (1) The graph is congruent to the graph of .x -*ax2,' but has a position

1-3

(a) . units, to the; right or ,,leftort5f. the graph of x .-)ax 2

accordini as h > of o I < 0;
and (-

II

(b) Ikt units up'.or down from the graph of x --)ax depending on

, whetter k >"0 or itic .< 0.
I

. . ' ".-4

1/
,

. .

0.
%

(2) The graph is symmetric with respect,to the line whcSse equation is
x :h, and this line 1. called axisof the parabola. ''''''

. . ....
I t

'(3),Thepoint (h ?k) is an extremum .point. If a >'0, the gvIpti open's
,e

upward and (h,k) is t'he mininitibCpbint; iF-a-<-0 the graph-, opens -

downward and ,(h,k) is the. maximum point. In either case, the point
p 1 '(h,k) is the ivertex of the parabola.

2

vertex equati4n of axis
. 0,4)

(3,44
(=3,6)
(1,-i)...
(-;1,.2)
(2,,3)' -

; -' i';-' 3
x = 3
x = :3
x = 1
x = -i
x = 2

;

.-
22. . (a) (3,4 ) is °a mitikmtun 4,-(d) (1,-1) is a maximum

,(b) (3,40 is' a maximum (e) ( -1,2) is a minim

. (c) ( -3,0) is a. minimum . (f) (2.,-3) is a- minim
t

L

24

S.
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\
23. (a) v >A4' for all values of u

(b) v > w for all values of u

( `9 u 0 when v >f
4w.0 = 0 when v W

u > 0 ',when v < w

:(a) y ..(x - 3)

(b) Qy r. 2(x - 3)7

(c) y 2(x - 3)2

(d) y ='2(txl - 3)32ty

(e) y = 2(x - + 4

A

\

iff) 5= 721x 3)2

(g) y 2(x . 3)2 +

(h) . y = -2(x - 3)2 +

(i) 3,---7--44(-4` 3)2

(j) or =Ix :-1)2.4.

.(k) y =,-2ex - 1)2

4
.

e

..a.
_i

rt

-

.(6) y = (x + 3.P

11111)- "5, = 3(3C

(o)

(P)

(q)

(s)

y = 3(x + 1)2

Y = - 2)2

y_= ?5(x - 2)2

Y = 2)2

Y = k(x 2)2 3

a )

rr



.101".

f

2. If wag let ax
2
+ bx + c = 0, then we have
.

, 2 b c

a. a

To complete the
. b

sqUare on the left we add
(FEr)

2

2
2

x. + 8x +
, b 2 - - 8 4-

2. 4a

Thus., we can write

b - 4ac
(x -

2
-

4a2.

For b
2

4ac > 0, we have
's

-

15,

1

. and ooncludg that

4

b + 42 - 4ac
x - =

2a 2a,
4.

10 each side, and get:

,

-b 42 -4ac
xl

()'F' 2c2 2

: ,

4

b

_

17

26

e.

s

Ito
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Solutions Exercises 1-4

1. (8) -1 1:.(3) ..81

f( 4)-7; a:3) =-2,. f(2) = -20, f(4) = -174

i 8

2;

3.

4.

(V) --E()* g g(3) = 8(2)
9`

r(2) -3, r(- 2) -22
, , r(2)(N)

(e) s(0)

(g) G(2)

k' = 3 ,

k = 0

= - ;1 ,

= 100

CO (i.) 2

(ii) -9

(iii) 0

'(iN)

(t)

20

``'

=_27,;...s(2) ; -6, s(3 )' = 0, 6(4)= 56

The graph of part (b) is the graph of Figure

to the, right.,

4

7

1-4b shifted one unit

1

41.



20

t

-2'

-10

1-41.

2k
3 + 3x2 - 12x

S

(c)

1
. . , .

The graph of part (S) is the graph of Figure-11 shifted one unit
...

to the left. . .

Should a student discover a pattern in Nos. k and 5, he could be

encodraged to search for reasons to support any tentative hypothebis

(and promised full explanation in subsequent sections of the text).

,

6. .(a)
."

f

"9 2X3 .13

(b)

iSr 4,
10

I

r

. t

0 \ 1 3 i
I

. 3/
I., \



-

ire

20
2 9' .

tr 97,



O

e t0
1

t.
a %

,
.11

11

r

-7-
en

C
V

0



.... ,.aF
 +

.Y
. ,, °ate



ti

Y

The maximum is not at

i42) 1,44 while

fact a-lwal miniO4m.

et.

x =
'

but rElther.at x =
2
1

3

(11 = = 44 /.1 > 44
3 9 10

4...oft sows
1

I 44.5

P1

, I

44.

(note scale change)

4 .1, ^ 1

.13. The following table suggests that the maximum value of f .Occurs when

x = - .

2

x -2 -1 0 1

f(x) -2520 39 , 39 -250

Actually f(- =.-39 1s a relative (local) minimum. The (global)

maximum value of,thevfunction is f(-1) = f(o) = 39

23

'32



1. q(x)
-

(a) 3x- + 10x + 10 5

(b) x2 + 2 6

'(c) -2x3 - 3x2 - 9x - 21

, (d) 2x2 - 2x +,4

I 2. Quotient

(a) Ax2 + + 5

(b) ):2 + sc - 2

(c) x2 + 2x - 1

3. q(x) is of degree n ,m.

.r(x) is iDf degree les,p than m.

4. (a) x - 2 and x are linear:Ale-41,31*s.

(b) x - 3 , is A linear factor

.

Solutions N:rcises 1:2

,-73

fernairlder
oft.

7

5 (a) x -3 -2 -1 0 1 2

f(x) ,, 0 -6 0 .20

(b) f(x) = (x

6. .2' 1 -5

-3 1

2 -1 -4

2 1 -5

2 3 -2

2 5 5

2 2 -4

+ 3)(x + 2)(x - 1):

2

0

6

2

0

12

0

-1

0

1

2
1

f(x) x

f(3)--= 18 k =9

f(x) = 2x3+ x2- 5x + 2

= 2(x it 2)(x -

+ 2)(x - 1)(2x - 1).

8. If f(x) is exactly divisible by x - 3, then f(3)'.= 0. But by

inlbstitution (direct/or synthetic), f(3) = 3k + 6: Hence, 3k + 6.= 0

and k = -2.

9. Since f(-1) = 12a -.14 = 0, a = -7. .ffence f(1) = -8.

21

33

I



14 3 2
x + 2x - 3x - 14x +

(b) g(1) = 0

0 fc) a = 1, =1t, r = 4

11. (a) g(x)- = x2 + 2x + 1, f(2) = 2

(b) p(x) = x + 4, g(2) =9

(a) 'q(x) p(2) = 6

(a) q(2) =1

_k(x) = (x - 2)g(x) +

g(x) = (x - 2)i)(x) +

P(X) = (x 2)9(x) + 1)(2),

g(x) = g(2).

1)

p

f(x) = (x - 2)((x - 2.)p(x) + g(2)) +T(2) .
i

= (x - 2) 1(x - 24Z1x 2q(x) + p(2) + g(24 + f(2)

= (x - 2)1(y - 2)((x 2)g(21+ p(2))-+ g(2)! + T(2).

Prom part (e) we have
e

X) = q(2)(x - 2)3 + p(2)(x - 2)2 + g(2)(x - 2) + f(2).

Substituting from parts (a) through CO we get

f(x) = (1)(x =. 2)3 +' (6)(x -...2)2 + 9(x - 2) ,+

Therefore, A = 1, B = 6, C = 9, and D = 2.

f

a

25 3

-



While thieproblem test
I

some *of the'ideas of 7ction 1-5 and

previous sections, it is also intended to begin. to 'develop._

I

techniques and suggest interpretations which will be discussed

4 4,,
in Chapter 2.

26

35-
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SolUtions s 1Exercise% L6
sc,

x < 0; 1 e 2; arid; 2 < < 3
- =

(b) 0 <'.x- <,1

c) 1 <,-x < 2

.('d) 12 < x < -1; and two zeros such that 0 < x < 1 '

cut

-3 1 < x 5 2; and 2 < < 3

2 < x <.3

-2 <.x < -1; 0 < x < 1; 1 < x and 5 < x < 6

21 2x2 +' k

;--.:7-._..,-: '-'--P7s
Y(0) 1. -k and f(1) F-2-7.: --k`' k. cc. ., - 1, -- -,'`:

.For -tit.- amd 2 - k to be differen:,insign, we must have-

0 < k < 2, -since, if k < 0, both -k. > 0 and 2 - k Q.
) ,,--.

If 'Itt>2 bbth -k <!0 -and' ,2- k'< 0./

Another -way to see this is to graph -y = -k and y1' = 2 - k
.

are'
J..

A value of k for which y0 and y
1

are th positive or both
..t .

negative met be rejected. ,But when one y is above the axis,
.pe. and the other,it below, we have a pds,sible'k-value. (See figure.)

I... , ,

1 ,
. !

/ 1

= (0,2)

(b) f(1). = 2 - k and f(2) = 6 k. Hence 2 < k < 6.

,

= 2 - k

k

. 4



(a) f( 2)',=

:(b) The quotient-ls 2x2 - 4x + 4. Both (a)

simultanepuny by.bynthetic substitutk4

x, i, where

and (b) can be done

(division). 41

.f
(d) Only ante.

(e) One

(f) -2, 1 + 1, 1

' .4. (a) (1), -2 <,x -1, x = 0, 1 <x 2`
,

(ii) -4 < x < -3, x = -2, -1 < x < 0

(b) i(x2 - x(x + ITD()i -

(c) (1) j-,q, 0, v
4,

(ii) -2 - V, --?, -2 +
0

5. (x 2)(x - 1)(); i) = x3 ..- 2x2 - + 6 = 0-

-^,

b. (a) 2. It is the negative of the coefficient of x
2

in Number 5.

(b). Ztesame as .the toefficiept of x in Number 5.

(e) -6., It is the negative of the constant term in Nuiber

(c) -3

3- x2 11
(0, x -

2 x 3 = °'

(e) (x + 2)(x - )(x 3) F X3
2

(a) (x - ri)(x -F2)(x-r3) .

i3 _1-71 + + (r
1
r
2

+ r
1
r
3

+ r2r3 )x

1

11
x
2

x + 3 = Ott

T.

28

..3'7

5.

rir2r3 = 0

16*



ao .

.(b) = + r
2

+ r3)

= rr + r + r

11"I
. 2 3

a0
a

rir2r
- ,3

-

9 Anyi3rd-degree polynomial function w th zeros -1, 1, and 4 is

f : 'x :4 a (x3 - x 4- 4). ..

3...

1 From this, ko) = 4a3. Since f 0) = 12, it follows that 48
3.

A 12

and a
3

= 3: Hence, the require function is

<

1

C

.Y

f : x -43x3 2x
2

- 3x + 12.

Maximus N b0r of Real Roots

-Fositi e Negative

1

1

0

1

0

40

4

29
38

j

)
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Solutions Exercises 1.7.1.

1" (a) -
1

,

- 1 »0 2

2.- (a) 1, 2, '3

(b) 0, 11,7%2:3

3. (a) No. rational zeros.

(b) 0

4. (a) -1, , 1

(b). -1., 0, 2 , 1

5' ' '

6 .
3 '

1 + -

n.

7: No rational ros.

8. -2, -1, 2, 3 : 4V34g

9. -2, 2 (Edch of these is a zero of4ultiplicity two. See Section A2-3.)

10. -1, 1,k, 3

11. -3, -2, -1, 1, 2

12. , 2 + 2- -

,
13. x +

1
= n 4=to x2 nx + 1 = 0 if x 0. The discriminant for this

quaaratic is. n2 - 4. If Ini < 2, n2 < 4 and 2 0, which

means th4t-the rczots.areimaginEcry.

oft



Solutions Exercises 1-a

1. f(0.-3) = -0.073

f(0.4) = 0.264

Thus if f(x0) =.9 then 0.3 x
0

< 0.4.
-%

.

2. la) f(0.31) = -0.040

f(035) = 0.093

Ak

"Thus'if f(x0) .-tr then 0.31 < x
0

< 0.35.

(b) f(0.33)-z 0.026

f(0.32) -0.007

!Thus if f(x0) = 0
4

/ f(04-325) 0.010

then 0.32 < x
0
< 0.33

Thus 0.34< x0 < 0.325 and x0 7.1 0.32

to the nearest 0.01.

f(3) = -1
f(4) = 13 7

Thus if f(x0) = 0 then 3 <-x
o

< 4.

f(3.5)

thus 3 < x0 < 3.5.

f( .254, = 1.141

Thus 3.0 < x0 < 3.25 and x0 tothe nearest 0.5.

4% Locating_ the, zeros of f r x 4 x.
3 - 2x

2
+ x - 3.

1 -2 1 ' -3

i ;-2 a -3 o ---

4 1 1 0- -3 1

1 0 . r -1 r 2

' 1 1 Iri'-' +9 3
-.--

1

-(a) f(2.5) = 2.625

Thus if f(x0) =:0 then 2.0 < x
0
< 4171

f(x)

Lover Bound ,

x
0

Upper Bound

'f(2.25) = 0.516

Thus 2.0 < x
0,

< 2.125 and x0 2.0

31

40

tothe nearest 0.5.
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(b)';f(2.125).2.-0.311
6

Thus 2.125 < x
0

xc,< 2.25 dud 2" 2:2 to the nearest 0.1.

Locating zeros of f : x -tx3 +,x D- 3.

1 0 1

1 o ,. 1 -3 0

1 -1 2' -1 1
.....

1. 2
.

5 7 2
.

. -

a 0 1 -3 '. o

-1 2 -5
.
-1

(a), f(/) = -1

f(2) = f.

= 1.8/5

f(x)

f(x0) = 0 then 1.0 < x
0"

< 1.5.

0(125) 0.k3 .

Thus ,1.00 < x
0

< 1,25.

0

Upper Bound

P

4

Lower Bound

f(1,125) x. 40.451 .o

,

ThPs 1.125 < x_
u

< 1.25 and x0 2 1.2 to the,nparest 0.1.

(4. f(2.1875) 7. f(1.19) 2 -0.125 ,

1

Thpp,.if f(x
0
) =.0 then 1.19 < x

0
< 1.25,

sIlto
f(1.22) 4-0.036

`Thus 1.19 < 0 <

Cr.

,

Since 1f(1.22) - 01 is much less than lf(1.19) - 01, we will

'try x0 2 1.21t instead of 1.205,

e .

f(1.21) -0.01
11.

Thus 1.21 < x
0

< 1.t 2.

f(1.215) 2 +0.009
.

Thus. 1.210 < x0 < 1.215 and 1.21 to_the nearest 0.01.

,

32
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Solutions Exercises 1:2:

y O

30
ti

20

- 10

0 '2 3

r

x

- -10

- -20

-30

y a 3x + Itx
3

- 12X
2

4. 5

We shall return to this graph in Chapter 2 when we have more equipment:

:Your students can compare.' it attempts wit Figure A2 -2a in Appendix

2. ,

4

Let- g(x) = kf(x), which has the same zeros as f(x). Then for each

xi such that f(xl) = a 0 thentf kf(xl) = ka%These two functions

are not identical

Consider another possibility. SuPpose.that g(x) p(x)f(x) where

p ,has, no real zeros.
.14

Thus, f and g need not bwiidentical.

33
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4. I(a) 1\' jf) 4

(b) (g) 0

(c) (h)

(i) o

(e)

fter,4: polynomial function.
. .

v0.-,f(ax + b),-a, b constants, a / 0.

- .
{ 71; *Yes, g is a polynomial function. The degree of g is the same

A ,

as the degree of f, namely n.

(b) If a = 1 and b = 0 the graphs are the same. If a ="1 and

b # 0 the graph of g is a translation of the graph,of f. The

translation if b > 0 beinghat each point of the graph of g

is slid b units to the left of each corresponding,point of the

graph of f. If b < 0 tben the shift of each point of f to

the corresponding pointof g is to the right.

(c) If b = 0 then the graphs of g and f have the same ylintercepts

and for corresponding highs and lows they have the same abiolute

ordinate values. The affect of a upon f is a dealing factor.

If 0 < lal < 1 the graph of g is a qpread'out version of` the'

graph of 'f. If 1 < lal then the graph of g corresponds to

compressing the graph of f toward the yvis. Should we have

a < 0, then the graph of g for a > 0 is folded about the y-axis.
4,6

Since for al = -a2 / 0 then f(alx) = f(a2(-x)).

f(d) The functiop g .written in the form g x -4f(a(X + )), foi
a

general a and la, a = 0, implies that there is a trail:31410n

of the graph of f along the x- axis,. then there is a change of

scale. The other form i x .--pf(ax + 1*) implies that there is

/ r

first a change of scale, then there is a translation. The actual ,

changes of scale and translations are expleined.in parts (b) and

(c). FOr polynomial functions flax + b) and- f(e(x + ip) are

equivalent.

43
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Teacher's Commentary

Chapter 2

THE DERIVATIVE OF A POLYNOMIAL FUNCTION

In the first six chapters our purpose is twofold: to enable the student
e

to determine the behavior of elementary functions and to leapn basic differen-

tial calculus. Accordingly, we have designed the sequence shown.

fUnction calculus-of-function

1 2 ,

3 4.

5 6 ti

The heuristic development of some of the basic machinery of differential

calCUlua is an important but secondary goal of this chapter. Our primary aim

is to cultivate in the student an understanding of the behaliior and possible

applications of the simplest and most predictable fudctions of poly-,
*

nohials. Later we shall use these concepts and techniques,.Pnd tht polynomial

functions themselves, as we deal with other functions and problems. We want

the student to appreciate the efficiency of the fundamental concepts and tech-

niques of Calculus for studying the behavior of elementary functions. At the

same time,we expeathat the student will, begin to believe that there are some

underlying principles of calculus which might be applicable to more functions

than he has at'his immediate disposal.
1

This is the first differentiation chapter, Chapter 7 is the first

integration chapter. In the following paragraphs we include thoughtFLsome

of which you may wish to share with the student,now, some as you begin Chapter

7, some not,at,ali.

,We want the student to know that 'calculus is the stuiy'of the'derivative
0 .

.and the integral, the relationship between these concepts and their applies-

. t6ns. The derivative and the integral may be interpreted geometrically as

slope and as area, but these are only two among a"wide range of inilrpreta-

tions and applications. We emphasize slope and area in orter to introduce

.parts oithe subject in an intuitive, geometrical way. However, the concepts

of derivative andintegral are universal, and their, incorporation into a

calculus, a system of reckoning, enables us to solve significant problems in

all branehis of science.

a

r0 35
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P' The calculus was invented to treat Ooblems of physics. As thcalculus

grew into the larger branch of mathematics knoWn as analysis its range of

application expanded enormously. To analysis we owe much of the progress in

the physical sciences and modern engineering, and more recently in the biologi-

cal and social sciences. The concepts and operations introduced by the calcu-

lus provide the, right language and the right)tools for the major part of the

'applications of mathematics to the sciences.

The great advance which takes the calculus beyond algebra and geometry

is based on the concept of limit. The basic limit procedure of the differen-

tial calculus is typified by the problem of finding the slope of a curve; the

basic limit procedure of de integral calculus is typified by the problem of

finding the area enclosed by a curve. The slope is found as a derivative, the

area, as an integral, and supefticially these appear to be unrelated. But there

is only one calculus: derivative and integral are complementary ideas. If we

take the slope of the graph of thi area functi.on, we are brought back to the

curve itself. If we take the area under the graph of the slope function, we

find the original curve again. The limit concept, in its guises of derivative

and integral, together, with this inverse relation between the two, provides

the fundamental framework for the calculus. In this hapter we deal with
.

..-
;;slope and the idea of derivative for polynomial functions.

The geometrical concept of direction for a curve can be given a precise

analytical interpretation in terms of slope. The slope of a curve at a

given point is a local property In `the sense that it is completely deterMined

by any arc containing the point, no matter how small. For the purpose of

describing such a local property, the idea_of limit is especially appropriate.

The slope of a curve at a point can be defined as the limit of a set of slopes

of.chords (or secants of the 61,12.ve. Later we discuss this limit in terms of

.a purely? analytical corkept, the derivative of a function at a point. The

analytic concept, divorced,fromAts geometrical interpretation as elope,

will be seen to have other realizations. For some simple examples we show

the student how to,00mpute such limits.

fin

.4"
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It should not be thought that the methods of geom ry are entirely'

powerless in. the present context. .The ancient Greeks ated the problem

of defining the dir4ction of a curve at a point by finding the tangent line
.*

`,;'at the point, the tanghnt being the line through the point yhich has the

direction of the curve there. They weie.pble to construct the tangents to

all the conic sections (circle, parabola, ellipse, hyperbola) and even

such complicated curves as the spiral of Archimedes. In the end, thoug ,
. N.,

the Greeks were unable to solve the problem of drawing tangents to more
. \ /

than a limited class of curves whose special geomeArical properties made

the problem tractable. What limited them was the fact that they had no

gederalwsy of defining a curve, say, in terms of functions; that had to

wait until the invention of analytic geometry by Descartegy

In the first two sections of this chapter we characterize

a curve at a print' P as the beAkStraight line approximation

P. geometrically, the,tangent at P is considered here to be

."

°

secant

taken

the tangent to

to thy curve at

the one straight

line through P which lies in all the wedges/ whose edges are secants

.where' Q
i

is any -point of the curve "clos,e: to P.

The relatively intuitive work with, linear approximations to polynomials

is intended to give the student a feeling for what tangents to curves are,

leading up to Section 3 it which the slope pf,a tangent is (rigorouay?)

r definedas a limit of slopes of secants.

In, the final section of this chapter, students will s- ee that, the coefft-

ciepts of the terms in a polynomial functtbn are related to its derivatives,

just hs their work with linear, quadratic, and cubic approximations'may lead

thertl, to suspect.

'37
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(a) Since -.01 < x < .01

.99 < 1 + < 1.01).

If x > 0, we have

.99x < Si ,+ x)x < i.015c./

and 1 + .99x < 1 + (1 + x)x < 1 + 1.0Ix.

If. x <0,

.99x >`(1 + x)x > 1.01x

and 1 + .99x > f(x) > 1 + 1.01x.

(b) (i) For 0 < x < .031.\

1 < 1 + x < 1.01

1 + x <1 + (1 .+ x)xj.< 1 +

(ii) For -.01 < x < 0

. 99 < 1 4- X < 1

. 99x > (1 + x)x x

1 + .99x ? f(x) > 1 + x.

Li : y = 1 + 1.01x

c L: y= 10-x'

L2 : y = 1 + .99x

(c) For x 0, x2 > 0.

I

Hence f(5c) > 1 + x

3. ,,(Er) If ,0*.< x < .1, then 0 < x2' < .01,.

4 x < (1 + x2)x = f(x) < 1.01x.

(b)

(ii) :if > x > -.1, then 0 < x2 <.01,

° x >
. ,

Sketch:, 0

.5

39

43

/-0.1

1 < -1 + ;c2 < 1.01 and

1 < 1 + x2 < 1.01, and

2)x = f(x)

1,4

4



. (a).° (0,2)

(b) lx1' .01 -.01 < x < .01 4=4-.01 < -x < .01442.99 < 3 - x < 3.01,

e)

If x > 0; (1) is equivalent to -2-99x ,< (3. - x)x < 3 Olx or

"2 + 2.99x < 2 + (3 - x)x F f(x) r< 2 + 3.01x, and 4f x he

inequalities are reversed.

5. If x / 0, x2 > 0, and henee

2 + 3x - x2 < 2 t 3x

L
1

: y = 2 + 3.01x

y = 2 .+ 3x

II : y = 2 IF: 2.99x

a ,

Refinement is shown.

6. (a) *If. 0 < x < .01,. then
x.

0

c

-2.< -2 + x < -1.99

-2x < (-2 + x)x < 1.99x,
.

-1 -, 2x < f(x) < -1 - 1.99x.

I, : y - 2x

L
2

y = - 1.99x

40 .

49

0



cr.

F40,0 is ,Shown.

(a) We can write . f x -4 3 - 5x -. 1:x2

f : x ( -5 -

If 1-4x I
-

, we 'have

c.14x1 < e or lx1 < t

Thus the graph of f lies betweeli thb lines given bY

and

,y = 3 + k -5 +. epv:

4 ' .r

y = 3 ,-f- (-5 - e)x". . , .

. . .

Ai, In' particular, if ix I, < .02,. W = .08,'..: and the 'griiph of f lies

between the Linea given by y = 3 - 4.92x and y = 3 -.541x.
vogc

416. The slopes of these lines d're,. of course, -4.92 , and ,-5.06.,
, . f ,, .

C,

(b) If e = .002 and 1=10:1 < .002", then [xi < tl, s or I- may
.

assume valudp between -40 and ,.0o5y --
ID .

. ,.
s 4

, 41 '%..t .. C,. , a
.1. .

p ._ .0 . \I a) %

i. ! t I

' \ o

, 2
- x+x

-

.

x
S
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Wrf(041) g(04) = -2(0.001) = -0.002

.(e) f(p.ba) - g(0:01) = -2(0.000001) = -0.0000002

(d) zero, because

fx) - g(x) ( x + x2 - 2x3) - (1 -_x + x2) 2x3x2 2
x x

2

(for x # 0), and as x approaches 0, -2x approaches

e'

4

9. (a) best linear approximation: y = 2.

best

best

(b)

quadratic approximation: same as

cubic approximation: y = 2 - x3 .

y=2-x3+2x4-x5-

Y =

best

-2x

0 also.'

linear approximation.

The graph of 'f 'lies above

the graph of its best cubic

approximation g near' x = 0

since f(x) - g(x) = x
4
(2 , x)

which is non-negative for all

x <2.

y =a 2-x \

(c) zero, because,
IO 10 10

.,

_
x3 + 2X4-- x5) - (2 -x3) 2x4 -x5

= 2x x
2

,

f(x) - g(x) (2 -

x3
-

3
x
3 x

(x 1 0)

and-as x approaches 0, 2x,- x
2

approaches /0, also.

2

5 1



Solutions Exercises

) .t 0 -5 0

2 4 3 6
0

2 19

2. 32

f(x),-.. 2(x - 2)3 + p(x -
2' + 19(x -.2)6+ 6

,(b) 1 -7 3 4

1 -5 -7 -10

1 -3 -,13

1 -1

f(x) (x - 2)3 - (x - 2)2 - 13(x - 2) -10

(c) 3 -5 2 1 LI..
10 -9

-11 .21

-14

(a)

f(4 3(x + 1)3 14(x t 1)2 + 21(x + 1) - 9

-2 1 -1

2 V

1 -3

?' 2

f(x) = (e+-P3 - 2(x

2. 1 2'" 4 .3

1. 4 12 27

1 6 24

1 8

1.)2

1

-2

A

' )

L2

f(x) (x r 2)3 + EaSic - 2)2 + 24(x - 2) + 27

T y = 24(x - 2) + 27 t= 24x - 21

43 52
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.7,

2

2
a,*

-2

.

-14

6

(so

4

.1 f(x) = 5(x - 2)4 + 10(x - ;(x

1 2T y = k -
) +lb x +

(e) 4 1 3 0

-15

1

S

<f(Xi = 2(x + 3)3 .0,14(X -t 3)2 + 30(X JP 3) - 15
T: y = 30(x + 3)- 15 = 30x + 75

(c). 4 -3 2 1 L1±

14 -19 78 -311

4 218

4 so"'' 751

"(x) = 4(x + 4)3 i 51(x + 4)2 + 218(x.+ 4-) - 311
2' : y = 218(x + 14) - 311 = 218";.+ 561

(d)

5

5

-4 0

2
2

5

12
, 2

-3

/
14

2
2

2

3.

2

1.0

1

5

14 13 142 126

14 25 117

4 37

12)2
+ 3(x

2 2

,

25 4

f(x) = 4(x - 3)3 + 37(x - 3)2 + 117( x 3)

T : y = 117(x - 3) + 126 = 117x - 225
-+ 126

'(f) 2 1 -16
1

-24

2 -3 , -10 -4' to4

; 2 . -7 4

- 2 .

f(x) = 2(x + 2)3 - 11(x + 2)2 + 4(x 4-2) 4

T: y = 4(x + 2) - 4 = 4x + 4

53



3.` 3 4

\ -7

1 -3 -13

-1

T. y
.

(b) 1

1

1

/1

-13(x

-6 6

-3 -3

0 -3

3

- 2) - 10'=
;-

-10

T

(c) 3

3

3

3

= -3(x - 3)

-.4 0

-1 -1

2. ,.
1

5 6

T : y = -1

-13x + 16

- 10 = -3x 1

(a) 2 4 =5

2 b -5
2 4 3

8

T g(t) = 3(t - 2 )

(e) 2 -3 .

2 ' -1 -13

2 1 '1-12

2 3 .

T y = -12(x - 1 )

(t), 2 -6 6 -

2- -4 a 1

-2 '

2 0

T : y = 1

4

9

,

- 1 = 3t - 7

14

1

4- 1 = -12-x + 13

Nip

.

45
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! j ,

, 1:4 , ,
)., ..f(iC) = 2 -1-:(k - 2), + 6(x - 2) 1(x 4-

--,

Kota that w: could also write .
.

.-
IT ..

'f(x) = 2(x, '2)0 + 9(x - 2)1 + g(x - 2)2 1. 1(x 2)3.
s

l!b) For x 1-1;-9- or x = 2.1, we have
.1. o

EI

t, 4-

4

.001 < .01 < .1.

In general for x close to 2,' we have

- 2)3 < (x - 2)2 <x - 2.

(C) y.= 2

"(d) y = 2 t.9(x - 2)

'(f) yl= 2 + 9(x - 2) + 6(x - 2)2

gg) 6
9

From part (g) and the fact that 6 >..0 we

is flexed (concave) upward near the point where x = 2.

The behavior is the same.

45. (a) 'Since x = a + (x - a) we can write

x3 = a3 + 3a2(x - a) 3a(x: - a)2 -140(x - a)3

).

know that the graph

and

-3x = - 3(x - a) .



(c) - 3a) + (3a2 3)(x a), + 3a(x - a)2 + (x a)3

.

(d) (x - a),3 < (x - a)
2

< x - a

le) f(a) = a3. - 3a

(f) x -+ (as,- 3a) + (3a? 7 3)(x

(g) 3a
2

- 3

:(h) If we let
2

3a - 3 = 0, we-have a 4..s>1.

(i) (-1,2), (1,-2)

(j) x
(a3 3a) + (3a2 - 3)(x - a) + 3a(x - a)2

(k) 3a

) When a =-1 at (-1,2), 3a < 0; hence the graph is flexed

(Cdnca"ve). downward. When a'= ]. at (1,-2), 3a > 0; hence°

(m)

coy

the Ei4ph is flexed (concave) upward.

- .

The point (-1,2) is a relative maximum and (1,-2) ,is a

4

If we let 3a = Q, then a = 0; the point (of inflection) is

(0,0).

relative minimum.'"

I

47"
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.2-34 -The, gem, as Limit of Difference Ouotientst
. ;

The notion of 11 is introduced here and ;utilizediwithout rigor.

Throughout this section and most of the remainder of this text, students will
be expected to deal with. limits intuitively. Properties of limits Are assumed

without mention here and proved as theorems in Section

x - a
1. (a) r(x) =

x - a 1

7 (b) r(x) -

0

Solutions- Exercises

x2 a
2

- x"%s a
x a

3 a3
(c) r(x) =

x
- x2 + ax'+ a

2

x - a
.

(d) r(x)
-

xx - a =
x3 + ax2 +*a2x + a3,

2 . (a) .1

,.(b) 2a

..3a2

) 14a3

) 1

(b)

(c) 3a2- 4

V ,(d) 4a3
0

Iv. (a)121, 4 s''

0

."

44

. .' .-
... ( C) 0

.. ... . , 9

(51) 0 . - _
*

e .." s%.

4 4

.5 .. (a)* 9 ,- x° or' y A= a + (x - a). .,.
, %

4b) y = 2ax - a
2

'or, = a
2

+ 2akx - a)

.-
(c): y = 3a

2
x - 2a

j
. or ; y = a

3
+ 3a

2
(x - a)

.

d) y = 4a3x - 3all. or y = E:4; + 4e3(x -8)
. .

(a) r(x) = mx- 4- b. ma .- bxn a,

`x

- a)

x - a.

= m, Ks a

48

.

.

e

-

Oo.

*4

e..'

ps-

.1



%;

+ Bx + C (Aa + Ba + C)

x a

A(x2
a2,

B(x - a)
x a

A

A ( X + a) B, x # a.

% -A(x3 - a3) + Bkx
2

- a
2
) + C(x - a)

x - a

= A(x2 + ax + a2) + B(x + a) x # a.

7. (a) m 4

(b) 2aA + B

(c)! (c) 3a
2
A +.2aB 4- C

4*.#' (a) m

(b) iai + B

(c), 3a2A'+ 2aB + C

.
20x - 3x2 -20a - 3a

2;

20 - 3(x + a),
..

9. 'r(x) =
r

x - a

At the point (a,f(a)) the slope is 20 - 6a.

t

...
. '-... .

...

10.
(E'

Um f( z

z - x
M - lim

z --)x z -) X

= lim
z - tx

Z X t

lim -(z2 + zx +
Z .4 X

.
4str

-3x2'

1 z
3

- 1 + x3
z - x

-(z3 - x3)

x )

Yr-

O

7

lim

h -40-

= ?Um (-3x2 - 3Xh -112)
h 0 .

Jh

2'
.= -3x%.

J

7

. (e) *-3)(2 .

4. ,

114,,(a.) 1 = 8a
, (c). 1 - 8x

(b)'' il.,',,:"-8ii. * (a) 1,r,. Fi; .v.

* , .
Remark: .We use this-result to begin the next section.

,49
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ri. e Derivative 0

!-C,This section is.designed to motivate the formulas for derivatives of the'
genellik polynomial functions given in Section 2-5. The Binomial Theorem is

assumed throughout, and reminder may be necessary before students tackle

Exercise 9. Alp

Solutions Exercises 2-4

(a), f(x + h) - f(x) ((x + h)2 - 11 -[x2--1 1]

[x2 + 2xh + h2 - 1] - [x2 - 1]
h

2xh
t+ h2

- 2x hh
... lim f(x + h) - f(x) lim (2x + h) = 2x

h->0 h->0

(b) V13) = 2 a = 6

(c) -f(3 + h) - f(3) h)2'- 11 - [32 - 1]

h h

[9 + 6h .+ h2 - 1] - - 11

(d)

h

;6h + h2
- 6 +h

f(3 h) f(3) - 6
h 0

h
i
0.1 0.01 0.001 -0.1 -0.01 -0.001

) ..of
6.1 6.01 6.o01 .5.9 5.99 , 5.999. .h .

'a

(X + 0)14:11 - rx
2

- x + 11
2. (a) f x + 111 f(x) f(x" + h)2

* [x2_+ 2xh + h2 x - h + 1] - x2 x + 11
th h ;

'22xh + h - h - 2x - 1 +'h, 01...

f'(x) = (2x - 1 + h) = 2x - 1
h -40

, 5P

50



111,

(b) f(x + hh f(x) [3(x + + +

7 j

[ 3x2 6ih 14],- [3x2 + 4]

$

;h

2
+ h 6x + [h 0].

f' (x) = Urn (6x +. = 6x.;
- h 0

(c) f'(x) = 4x - 1., [Derivation similar to (a) and (b).]

3.
+ ht - f(x) [a(x + h)2 + b(x + h) + el - fax2 + bx + el

fax2 + 2axh + ah2 bx + bh + c] - fax + bx + c]

h .

2axh + iah2 + bh ..12ax
+ b + ah, [h # 0]

h

4. (a)

(b)

f' (x) = lim b + ah) = 2ax +. b.

h

f(x + - f(x) t(x 4-'10 (x + - tx + x]

h .4

[x3 x h+ 3 + 3xh2- +10 + x + h] - [x3 + x)
h

3x2h + 3xh2 + h
3
+ h 3x2 1 4; 3xh + h2, 0)

h

,
f' (x) lim (3x2 + 1 + 3xh + h2) = 3x2 + 1.

h-'0

f(x.+ - f(x) [.(x.+ h)3 3(x + 1).1. - Ex3 3x1

[x3 + 3x2h + 3xh2 + h3 - 3x - 3h] - [x,3 3x].

,
'2h +.3xh2 +

3 - 3h 3x2

°
- 3 3xg"+ -0, (h 01

a

.*. f' (x) = arlim (3x2 - + 3xh + h2) = 3x2 - 3

h =.) 0

51 ,
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(X. + Sf(x) i2(x +11)3 +.(x +02 -i(x4h)+ =
2

[2x3+ x -6x +3]

h *

'

17

11

5.

x3 + 6x2 h + 6x h

6x2h +6xh2 +2h

+x2 +2xh +h
2 -6x- 6h +

h
-

a- +u4xh+ 2h2 +2x - 6, (h # 0)

--i2X3 +x +

f' (x) = lim (6x2 + 6x2 + 2h2 + 2x + h - 6) = 6x2, + 2x - 6.

h -4 0

f(x +h) - f(x) (a(x +h)3 +b(`x +h)2 + c(x.th) +di - tax3 +bx2 + cx +di

h h

r
tax3 +3ax2h +3axh2 + h3 +bx

2
+ 2bxh +bh

2
+ cx +ch +di - Lax

3
+bx

2
+ cx +di

h

3ax2b +3axh 2 +h 3 +2bxh+ith
2
+ch

\h
- 3ax

2
+3axh +h

2
+2bx +bh+ c, .(fi 0)

, igl
0

d-
(3ax, +3axh +h

2
+2bx +bh +c) = 3ax-

2
+ 2bx + 'c.. sof'(x). = lim

h

6. (a) ft (8) = lim
x -*a

1'1- 2x - x2 - 1 - 2a + a
2

x a

lim (2 - x - a) = - 28

x -4 a

(b) ft (0) = 2

4

(a) ft(P4*;,
(a) f' (1) =

(-e) . ft (t*-10) = 22

(" :=itlopi = 2 - 2a'

(b)' siope = 2

'1'0slope-T. 1

(d) slope =

(e) slops. = 22

8. (a) f' (x) "-= 3x2 - 2

It If f' (x) = 11, then

wr4s41,-

'(trom Exercise 5)

at

52
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,Jd) x = /17 i

(,) 3x

(b) 4a3

-(c) 5x
4

(d) 6x5e,

(a), slope function is the function f': x -03x
2

.

-(b) derivative is the function f': x -)4x3.

(c), slope at (x,f(x)) is x4.

(d) fqx) = 6x5.

Each of these expressions is derived in Exercise 9.

11.* (a) f(x) = (x +,1)2 = x2 et- 2x + 1, so f' (x) = 2x + 2.= 2(x.,t 1)

by Exercise 3.

(b) f(x) = x(3x + 1)2 = 9x3 + 6x2 + x, so fqx) = 27x2'-i- 12x + 1

-by Exercise 5.

.4

A 40r

(c) f(x) = (X2 2x)(3x -7) = 3x3 - 2x, so

f'(x) = 9x2 + 10x - 2 by Exercise 5.

.
*

; ..
,

; 13-4- -

........112,j_For.all :values p, fl(4)_=.g4El = 6a 2, whence A=;3 and ) .'

B =-2.' We alis: have f(1) = A(1)2 -1-:,,B(1) + C = 8. Therefore,
-

ei

S - 2, -1- c = 8;: C = 7.

4,

1
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.--Derliiaitves of Githerarilolynamial,FunctionS

---,The-Ortattl.as-given.rtate,,,,,should_c,ome.as,noistFprise after the work of

, Section 2-4. Their proofs tacitly assume that the limit of a sum is the sum

t" of the limits.

The derivative of

*f x
0

+ c\1 (x - a) + c2(x - a)2 + + c n(x - a)
n

begins to suggest the more general property of derivatives known as the Chain

Rul#4 i.e.,

I if f(x) = g[h(x))

then f'(x) = gr[h(x)] h'(x).

The Chain Rule will not be derived in general until Chapter 8, but specific

examples will continue to crop up in connection with each of the elementary

functions dismissed prior to that. By Chipter 8, students may even be ready

to conjecture that some such general principle is operating.

Solutions Exercises g:2

1. (a) ft x 2x + 2

(b) gt 2(rx + 1)

(c) ft = gt

2. (a) (1) f' X 14X 8

(ii) gi : x + 6) -; 8

:isX 4 4(x - 7) -

-(h) (i) ;
(4) 14

(iii)

(c) ft-(3) = gi(-3) = 4(10,

(d) (i) x --)2(x + 2)21 8(x 2) + 9

(1A) x -42(x + 6 - 4)2 - 8(x + 6 - -4) + 9 ,
(iii) x 2(x,- + 9)2 - 8(x - .4- 9) +9

In each case the same function x -42x
2

+ 1 is obtained.

I

41:,

. I

5
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.(b' Ft : x -43x2 - 3

(11.) x -4 3(x - 2)2 + 12(X - + 9.

k (59) gt x-) 3(x 4 1)2 - 6(x + 1,;)

(b) F'(01) = 14(0) = gq0) = -3
4

-m(b) Each has the equation y = -3x.

, (40) F = f = g
.

4. (a) Ft : x -4 3x2 + 12x + 12 = 3(x + 2)2

(b) ft : x -4 3(x + 2)2

(c) 3(x + 2)2

(d). 3

(e) 3

;',4,

LDP. 3

5. (a) ft : x 10(x + 1)9:

(b) f(0) = 1 and ft(0) = 10

(c) y = 10x 4. 1

(d)''''f(-1) = 0 and ft(-1) = 0

y =

(The graph of is tangent to the x-axis at the point where x = -1.)

411 (f) f(-2) = 1 and (-2) = -10
,

. i (g) y.= -1Ox - 19 oiif y = 1 + -10(x + 2)
, , 1

WI,

.....
,,(a) 4, g 7,15(x - Al' .

-_-'

(b) ft(1) = 15; -ft(2) = 0, ft(3) = 15

(c) 215 214(x - or y = 32768 + 245760(x 4)

y = 245760x - 950272

Z. (a) .ft : x -4 6(x + ,2)

(b) gt : x. 6x + 12

(e) f = g and ft = gl

' (d) Thisprob1em la. intended to be ca tionary. Without the chain rule;

the student must first factor or xpand to obtain F(x) = 9x2 + 36x +

or

whence ft x 18x + 36 1 243x 6) .

11

55
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. i

(e)f G' : x.-418 2)
1 . .

'(f)!.F G and F1 = Gt,

1 2 &3 -4'

. (4 ft ; x --) 1 + x
+ 2: 3: 7

x x x

% 1

i - 2 4 6 8

. . .1
!k .1. x3 x5 x7-

,.
...

(C7 f'l x -4 x + +5.
+

31 71
,

O
..,

, 9. '(d) -fqx) = 6x2 - 18x - 6o = 6(x + 2)(x, -; 5),
-
so f'(x) = 0 if and

Only if x = -2 or +5. or

tNk's1ope of the graph is zero at x = -2 and x = +5.

(b) The graph is horizontal.

10. (a) It : x -43x2 - 6x

2
gt x -44x

3

(b) ft(1) = -3, g:(1) =
0

(c) At (1,t(1)) equation Of tangent is y = -3x + 2;

at (1,g(1)) equation of tangent y = -3-is
1 4

'4*- .
*444,

(d) These tangent 11.nes are perpendicular to one anothe,r.

11. (a) xi = (x -a)7 +..21(x -a)5a2 +35(x -a)4a3+-35(x -a)3a4'

+ 21(x - a)2,s2_+_,7(x - a)a6 + a7.

;

r

(b) FO'r x i a, we have .

-
,

.

x
7 a7

4.. 7
6

+ 21 5t
a, kx a) ÷')3546 -.

Sr o 3; 3i.- - )3
x a

ow°
7 7.

r1
x

e). lim x a
=x -.a,

4+ 21a2(x - a)4 + 7a(x - a)5 t (x - a)6.

6'
7a '

(d) psieg the Binomial ThOorem, we get

(.x.+ 6x)7 - x7 =,7x60x + 21X5(6x) 2 35x4(6x)3 35x2(ix)14:

2, .5 , .6 , .1-
+ 21x k6x). + 7x(tsx) +,.(6x)

For tx / 0, we have

7.(x +
6x

) - 7--7x 6 + 211
5
6x t.35x

4,
( tx)

2'
+ 35x

2
(Ax)

3

tx

7x(&)5+ 21x
2
(.6x) + 7x(&) + (Ax) 6 >

65 56
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+

t

(e) From part (d ;

lim--AY. = lip (7x6 + 21x50x + 35x14(6x)2e + ... + (0x)6).
6x46:( -40 6x -40

= 7x6.

O

S.

0

4

C

_7

-

610
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2-6. Atplications.of the terivativeto Graphing

In this section ye define relative maxima and minima and conclude that

Are such points e derivative of the function involved has the value zero. The

second derivative is not yet available to characterize relative maxima and

Minima, so the.studePts must at thi4 stage check the sign of f'(x) on ether

side oftthe Zeros of f' in order to determine whether theyporrespond to

.
maxima or minima, or merely to horizontal points of inflection.,

e

1.

Solutions Exercises 2-6

ti

a

The graph co boratea

the conclusions of t e

text.

2. (a) f(x) =.4x4 - 8x2 + 1.

f x
k(

i = 16x3 - 16x = 16x(x2 - 1) is zero if, x = 0 or _x = 1

or x.= -1. Since f(A) = f(1) = -3 and 'f(0),= 1, we.gon-

elude that_f(0)-is a local (relative), extremum;' f(0)1= 1 is

a local (rela%,i.ve) maximum: Similarly, since f(-2) =,f(2) = 33

t we may conclude thilt f(-1) = f(1) .T. -3 are minima. The fdnction

f is decreasing throughout the intervals x < -1 and r0,1]; f
---,,

=

is increasing throughout the intervals -(-1;0J and x > 1. ,

. .

(b) 1(x) = x
4-

- 4x
3

.

.

.

, .

ft(x) = 4x-
1

- 12x2 = 14x2(x - 3) is zero if x,= 0 or x = 3.

S

f(0) = 0 and .f(3) = -27: Since f(-1) > f(0) > f(3), f(0)

is not a clocal extremum. Since f(0) = f(4), f(3)' is an extre

. mum% f(3) is a minimum value of f. The function is decreasing

throughout the ihterval z < 3 and increasifig throughout the

interval x > 3.

a 67 58,

A
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o

3. Let x
1
> x

2
> O. Then it follows that_

x
1
+ x

2
> 01

atidl

Multiplying, we get

from which it.follows

x
1

-'x
2

> O.

l'k.,2c
2

-,x
2

> 0,

that ,

2
> x

2

2
x
1

We could elternatively.argue that f'(x) = 2x-> 0 for x > 0.

4. (a)

(b)

,J A

)

*)59
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, A
r, The_ function f increpses on '' (-1,03, , increases on [6,-2-]

-
--... .

and. decreases oh [2,3].i Of
, .

)
i '

i
4 -

,

rN
.-,

,

I

ti

.. The maximum value of f ocdurs when x x2 - 6x + 10, temininium;

when lc.= 3, fk3f, No-b that x2 6x + la is positive (in fact-
.

f(x) >1)7 for all x.).
e

8. The giOaph,''of a quadreticfunction -74Ax2,:+ Bic C, A 0 is
4 4.

horizontal at Point IN where the slope fl() is zero,
- .-ft(a) = 2Aa +B _0

,

So a = Zir is the only, point where the graph 'of the quadratic is
2A

horizontal:

, .

69 60
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(a) ts : X -) 3Axa + 2Bx + C

(b) cap have at most 2 zeros.

(b),,we cOncluile that f can have at most 2 relative extrema;

it can have no more thrian one relative maximum point and one

relative minimum Point.

(d) Yes. (See Complex Conjugates Theorem in. Appendix 2.)

(e) Let ft(x) 3Ax2 2Bx C = 0,

e-o

wh ence x =
6A

fat

3A

-2B t 4032 - 12AC -B 42 3A C

Therefore

10. (a) = g

(b)

T.

0=

X1 + X2

2

4

Ole

Y =

61

70
`C.

Q
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Thus
2

x22) 2)

A(xl
Or

4

A(xl + x2) + B = 0, for xl # x2.

Hence, NA(x
1
+ x2) =-B. Since ft(a).-- 2Aa + B = 0 when a =

we have

B
A(x

1
+ x

2
) x

1
+ x

2

IA 2A 2

1').-

I Therefore, f has a minimum when

X
1

x2

x =
2

ti

B
2A

I-

..

3

_, Alternatively we could give the following argument. We have a minimum when

'ft(x0).= 2Ax0 + B = 0; i.e., when x0 "2A
.

. . , ±
Also Oxi) = f(x2) = 0,, when x

1
or x

2

-B - 4AC
= %

2A

X1 + X2
2B B

.2. TA77 2A :'2.x0'
Thus

12. We have g'(x) = 12x(x - 1)(x - 2)% The point (1,-1). is a relstivd

maxemum pointl^ The points 0,-45 and (2,-4) are minimum points.

(

1
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So2uions ExercisesI "A"

" , ''' ' l \
1. We have f'(x)bi, 12x3 + 12x2 - 21x = 12x(x - I)(x +2), whence, -,

.
. .''''

f't0 = f'(1) = tt(-2) = O.
,

.-

.
,.._

"We tabulate the values of ,f at the zeros of the derivative and at he

endpoints of an interval including the zeros.

0

x. ,-,3 -2 0' 1 2

f(x) 32 L27 5 0 37

The table helps us to conclude that f(-2) is the minimum of f(x)

the interval r-3,21, f(0) a maximum on [-2,11, and f(1) a minimum

on ,[0,21. Thds, we expect f to be a decreasing function on

-3 <ac < -2; f(-2). is a local minimum. For -2 <x <0 the function

should be increasing and f(0) is a local maximum. Over the interval

0 < < 1 the.function should degrease again to the local, minimum f(1);

fox x > 1 the function should be.increasfng.

)1

on

, ;1
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. We apply the knowledge we have gained to find the (local and global)

extrema of the furittion

x 4x5 - 5x - 40x3 "I. 100

the interval -3 *< x < 4.' We differentiate to obtain

ft(x) = 20X - 20x3 - 120x2 = 20x2(x + 2)(x -

We tabulate the valdes of f at the zeros of f! and at the endpoints.

x to -3
I

-2 I 0 3
1

4

f(x) H -197 212 100 -413 1 356
.1

,.Considering triples of consecutive values of f in this table we find

that the function f increases from a (local) minimum at x = -3 to

a (local) maximum at x = -2, then decreases to its (global) minimum

at x = 3 and increases-to its (global) maximum at x = 4. (If we

were to consider the entire real axis as the domain of f then, since

f' has no zeros outside the interval ( -3, 4 ) we would conclude that

f is increasing for x < -3 and increasing for x > 4.) We can

utilize the information of the table and a few additiOnalvlotted.

points to obtain an excellent idea of the behavior of the graph of f

on the given interval.

300
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Se If f t -096f -,16ta, then 'f'(t) = 96 - 32t.

f(t).= 0* if a;20 only ii: t = = 3.

Hence, f(t) is maximum when

t = 0, t = 3, or t = 6,

since the values of f are meaningful for the problem only on the

interval (0,61. Since f(0) = 0, f(3). = 144, add f(6) = 0, .me

conclude that the maximum height the ball reaches is t44 feet.
* .

'4. If x represents the length of the rectangle theni-> -represents

the width. Hence, the area is

:

- x) x or a - x2.
2 2

Ar

).

x

The function, x I-42E - x2 has the derivative f':'x
2

- 2x.
2

f'(x).= 0 ,if and only if

2
- 2x.= 0

'or x = .

The meaningful interval for f is fcc 51 and on this interval f is

maximum at x = 0, x = x = Examination sholis that, of ,these,

f$1 is the greatest. Hence, the dimensions of the rectangle with

llrgest area Ad perimeter.;,p are

.
length =

width = =

Since bOth dimensions are the same, this maximum rectangle mast be a
)

square. -

6,



We have f' (x) ,= -12x2 + 144x = 0 . when x = 0 or x On .the.

interval (0,18) the minimum value of. f As f(0) 7 f(18) = 0 and;

the maximum value of f is f(12) = 3456%

6. V (20 - 2x)2x =i 4(x3 - 20x2 + 100X) -= f X) .

f (X) = 3X2 J)31 C + 100) = 0, if x = .10 or

minimum.) For maximum,

, 10 40 40 16:000
592:6+ (in

="--3- 7 T 27

fi6
3

. . )

10: g,.1.ves'a--

:-~

4

cubic feet).

7. Fifty feet parallel to the river; 25 feet on each side. ,.. y
. -.: ,,;

8. The 4

,

2
fiber to be squared will be N and the other number iii: .

....

4 ,...
9. If x is the length of the wire to be bent into the. circle: Alre.stqa is :

A "=

144
2 2

,24 xN2 x2
+ =,36 - 3x + + rt = f(x)

ft(x) = -3 +
x

+ = 0, if x = T24y77 r. 10 .5+ ..,

This will- give a combined area for the square and circle of 20.1+,

which is a minimum.

4

7J
66
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10. TT the maxum should be required,we should have to-examine the end-points

(see Eximple 2-8d). The Maximum area is 45.8+ and corregponds to the
,,,b

case in which the entire wire is,.bent'into the circie. (Properly speakin,

the wire is not cut.)

11. Let s be the number of feet on the side of the square and r ft. the

radius of the circle. The total area enclosed iby sq. ft., where

y = s2, + xr
2

3.

subject to the constraint that

so that
s

48 + 2Xr = 4,

2(1 ni41)
r -

We have the function
,

s2.+-141, - s)
0

All possible values of :s are on (0,13;. endpoints: -(0,'17!), (1,1). Since

Pt(s) = 8(1 - s)cf 2s, the only zero of f' is s
4

- 4
11747) -

Or

We observe that

4
< 1 <

g

( ) < 1 .< f(0).

9

-- 16
(a) For minimum area the,/perimeter of the square should be y---- ft. and .A4 W

14X
the circumference of the circle should be ft,.

(b) For,AkimuMqrea We should bend the entire wire to form a 'circle

rather than cut_it..

67
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5

12. We let x feet represent the Width and let y feet represent the length.

Then the area is xy square feet. Imorder to express-the area A it
.

terMs of x elope, we get y in terms'of x. Since the perimeter,

2x + 2y ='72 we have Y = 36 - x. Time we obtain
V

A = x(36 x).

No we can focus our attention on'the behavior of. the model polynomial

. funct

,and its.derivative

f : x 36x

ft : x 36 - 2x.

Employing the same reasoning as in Example 2-8b, we examine the zeros

of ft. There is only one zero, namely x = 18. When x = 18,-y = 18

since 2x + 2y = 72. Thus the rectangle with maximum area will be a

square 18 feet on a side. We .can be certain that we have obtained a
-

maximum and not a minima because the graph of our model function

f x -) 36.- x2 is flexed 'downward. (Of course, we could'directly

apply the result of Example 2 -8b.)

13.

Relating the'figures we have AC = h and C . If the height of

-. the inscribedcylinder is y, and the radius of its circular base is

x, then. DC = y and DE = x. Sihce triangles ADE and ACB are

similar we have

7.



Wrti-._ CB
A AC

h-

r
, where AD = - y

and
I

" Y - .

hx
(1

. -/ I, 1
.'"

v =
r

e
The Volume V of the cylinder is giuen by

.

(2)
2 hx

y =,gx
2
y = gx (h - -17-)

gh
= vnx - x

where h and r are constants.

The formula for the volume defines a polynomial function f

which we can maximize. The derivative is

f' 2ghx - 37r
h
- x

2
.

The zeros of f' are found by'solving

0 = 2ghx - 3g 11. x2

= ghx(2 -

These zeros are 0 And
2
7 r. The cylinder will have a minimum volume

when the radius of its base is 0, and a maximum volume 14hen.its radius

2
is

3
- r. To find its corresponding heigih

2
t we substitute .x = - r in-(1),

. 3
so that

2 hY= h - = 3 ,

69
8
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600:,

f'(x) = 300 - 3x

ii (100) = 0

100

z

15. The dimensions will be (heigAt' x idth x length) =

( 6 2,r3-)" x (4,r3")'-x + 4 ,5):.'t
.0

150

f(x) = 2x(16 : X2.) = 32x -,2x3
0

f' (x) = 32 - 6x-

r

1

. , 7,9 -ro

0.

maximum

area

32
3

2



''Thelrea:of the cor;a1 is given by

';

4

2
A =,f(x) = 130x - 2 ,

whe,re x < 100 and, x > 0. wall

x

f'(x) = 130 -.x is zero if x = 130.

f(0) = 0, f(1004,7 8000.

Since x <: 100, the extrema occur at the endpoints and the maximum

area occurs at 'x = 100. The maximum area is 8000 sq. yds.

I ,
O

18.
2.

.

1.
4

K $ "-6 - 2Y + 5 = f(Y).

3

f'(y) = 7-- - 2 = 0 if

y = 2.

100

Y
3

8,

The point is (1,2).

1 I.

71

80
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. a s

ti

= 2vr
2
x =t 2V(100 - x )x

= 200vx - 2,tx3 = f(x)

ft(x) = 200v - 6vx2

ft(x) = 0 when x 10

. 15

Dimensions of inscribed right circular_

cylinder:

16
radius -

10
-7- inches

.k....

2015 ....

3
. height - inches.

4,

20. If we let x = the numberto be found we must maximize theTunctiori

8.
f : x x

2
.

*go=

Since ft(x) = 1 - 2x ,O when x - the, number i
2

21.. If x represents the length (and width) of the box
/n/

inches, 72 -1x

represents the maximum girth, so /the maximum height/is' 14-31 or

36 - x.
2

Hence, the volume v = x2(36"- x) = 362 - x3 = f(x)

22.

f'(x) = 72i - x2 = 9x(8 -

f(x) = 0 if and only if x = 0 or x = 16. Hence, dimension*of

parcel of this shape with maximum volumelftresc

length 7'16 inches

4 width ='16 inches

height,=18 Inches,

and its voluif is 2048 cubic inches.

f

A = f(x)1= 12x,--2x3, 0 < x <16

ft(x) = 12 - 6x
2

= 0 if x =

f(0),= f(")/6) = 0 and f(if) = 81 .

)

. _

The area is a maximum if the dimensions are 2' by 4.

IF

-72
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o ...390
o . l ,' 4 :

tl; 1. . -.
. , .

I Let I bee thq depth and w the-wildth
- . A .. ..J ;...., , /A%

, t

' 4 4 ,
it

.\- Then 2d + w = 14. 'For the crool:section4 )
a

A a o--

y

ilk be maximized is s 0
a [-.area we hivea A dw, The furfction to

. .
. .

1

f d 2d(7 - ad) = 14d - 2C, 0 < 4:1 <
Isaa.

ftcal = 114 = O. if d =

f(0), = f(7) = 0 and f(b = 2 .

The trough should be 3 inches deep to Carry the most water,'1
2

./..

24. Volume is proportional to cross-sectional area,

- x x f(x)
2

xy = - 5x -
2

.

- x = 0 if x = 5; y = 2.5

p_i_21.C)x
25

r

= 2x = 0 when% x

Since.each side is , tie rectangle is a square;

/

73
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Y

2-
1

x =

='8x

5

A = 2y(4 - )5)

3
icy) = 2y(4 = 8y

`it(y) = a 7 r y2 ID when y

. 32, 3.6 137' 6416
max 3 "T T 3 = 9

10

t

I



29. A se.x(400 - -2x) = f(x)
f t(x) = 400 - 4x

= 100, pasture is 200 yd. x 100,yd.

30-; . (a) Area = x(120 -`3x)

f(x) = 120x r 3x2

fu(x) = 120'- 6x.

If f'(x) = 0. x-= 20)
. -

x

400 - 2x ,

x

120 - ix = 60
Area is 1200, square feet '1

(b) Ares-- x(129 22x)

2..- 60x - x = f(x)-
ft(x)' = 60 - 2x.

2xIf f'(x) = 0, x = 30, 120 - - 30.

Area is 900 square -feet.

BARN

120 - 3x

x

F

G I = N(.1.50 (N - 10).031 = 1.80N - .031 where

thousands.

1.80 = 0, if N = 30.

N = number of

'' 30,000 labels mill produce irlmurii-gro;s fildcine for printer:

32. If x represents the number of weeks and P. the' profit, then
1

P = (100 ,+ 204(5 - = 500 + 75x - 5x2 = f(x),

f' (x) = 75 - lOx

f'(x) = 0, x = 7 1 .
2

120 - 2x
2 .,

The answer is seven weeks; the eigh h week will not add to his profit.

(The, number 2 is not an answer, since it is not, in our doraa tr. )

r.

I

75

84.

..
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If x' represents the number of additional tree plantings, then the crop

C = (30 + x)(400 - 10x, = 12i000 t 100x - 10x
2

=,f(x):

ft(x) = 100 - 20x,= 0 if x = 5,

Total number of trees per acreis 35

Profit = (314+ 6)(2 : i) = -x2 4x-4- 12 = f(x), where f represents

the number of weeks he should wait. ft(x) = -2x 4 = 0 when x =-2.

He should-ship in' 2 weeks, or July 15.

If we take 'x as the number,of dollars added to the rent, the
2

profit = (806- 2)(54 x) = 4320 + 53x = = f(x), and

ft(x) = 53 - x = 0 when x) = 53. Since must be an integer, we

.use either 52 or 54 at rent increases, so that the rent is either

$11R or $114 per month. (As was the 'case in Number 26, the answer

obtained.is not in our domain, so the nearest members of the domain

have'tO be checked.) ,
e3y. /

The volume of the cone is given by

. V = 9E(k2 - x.) = f(x), where

0 < x < k. ft-(x) = 3(k2 3x2) 7. 0

if X =

/ k 2Y.31-4. Itk3
a

27 f(°)
0, and

7.3

f(k) = 0.. Thus", the maximum volume is at the interior. Point x = k .J
1/3 rck 3The maximum volume

2
cubic units..

A

-4



737. We express the area of the rectangle in

terms of the length of one side.

4R2 = + w2; R2 - w2

A =40.= (R2 w = F(w) .

We want to maximize the function

w -4y AR2 w2 on (0,2R].
4*.

For the maximum; 0,111 we shall determine the value of w for which

f: w -)w2(4R2
w2) 41i2w2

is maximum. Accordingly we seek an appropriate zero of

ft : w -;8R2w - 4w3 on [0,2R]..

Taking into account the constraipts.of the problem we conclude that

the zeros of

= RO
is the one which maximizes f and F. Thus, the rectangle of

maximum area is a squareof side )g R. k

By the figure aTa arguments of Number 37 we see that we need to

maximize the runctign

: k

G : W 2)62 - w2 + 2w on [0,2R] . Q

Equivalently, we must maximize the function

r

g w -410Ra - w2) + 8whR2 - w2 on [0,2R].

Simplifying, we get

g(w) = 16R2 +431;1162 - w
2

, 0 < w 4k2R.

-.4

Of
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' H.
2-8. Rate of change: Velocity, and Acceleretion

. Velocity and acceleration are introducedias examples of the derivative,

in t reted aq a rate of change. It will probably be'obviousthat accelera-

tion ig4: "second" derivative of the original position function, but,this

terminology shoUld be avoided until the next section. Whenever notation
, 1.

:

Foblems arise we have renamed§ the velocity function so that,we may concen-

a e here on the notion 0? rates of change without introducing f".

A *

Solutions Exercises 2-8.

l. (a) Rate of change of area of a circle with respect to its radius

is the derivative of r -)mr
2

, which is r -)21cr = C.

.(b) From Example 2-9c the rate of change of the 'volume is the derive-
it

tive of r -
3
xr3, which is r -4'4,cr2 = S.

2. (a) By definition the velocity function is the derivative of the distance

'function. We know that tneqpoiynomial function

f : t = 2t 3 39t
2

+ 252t - 535

has for its derivative the function

7

iS

4.



t

°

(d) The zeros are 6 and -7.

te) The velocity is zero at t = 6 and t = 7.

(f) When t = 6.

(g) Since s . 5 when t = 6, the greatestidistance is 5 units.

(h) Since, ft:om part (g), the greateit distance on [5,71 'is 5 units,

we require that

3 -, 39t2
2t A- 39t + 252t - 535 = 5.

,We 'must solve the equation
0

5 - 39t.
2 ± 252t - 546 = 0.

..Since, by part (f), we know that t = 6 is a roots we can fabtor .

to obtain .

Or

( - 6)(2t2 - 27t 90)

It - 6)2(2t - 15) = O.

1
Threfore, s = 5' again when' = 7:E

I' (i) 8.At the endpoint :t

(j) The speed (absolute value Of velocity) s greatest dn [6,

l
when t =ev. .

12t 78 units distance pier units time per units time.

79,
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when v = 0, t = 5; hdnce 5 seconds are required.

(b) When t = 5, & = f(5) = 220. Therefore, the can will go 220
,7

Beet (alas, sometimes lesS).

(c) a 21 -38:7 (ft./sec.2)

(a) Distance = 25 ft.

5. (al For 8 seconds, s = 256 feet. For 9 seconds, s = 144 feet:

t = -1, or t = 11, s is negative and may be interpreted as

surf
'e

of the ground. The maximum height seems to be

chel after 5 seconds.

(b) A table shown where there is a unique qumber for under etch

t represents a function. The domain is 0 < t < 10 or the inter-

val [0, The tange is 0 < s <\400 or the interval 10,4001.

(c.. (1) Yes

(2)- No 400

(d) Every r al number for, t Ever the:

interval.0 < t < 10, would produce

-a value gor s, 10 we were justified

in connecting the points. The fact '200

that he graph appears to be a parabola
A

suggests that the function is quadratic.

For t = 0

t = 1

t =4'2

s = (== At Bt 11-

'10

f(0) = C = 0

ai f(2) = 4A 2B := 256

f(1) = A B.= 144.

B = 160, and.

4

O

A =

B "= 160

C = 0

9

f



4Slop of chol:d through points

C1,144) and (2,,256) =.112

..At t.= 1, it would be a^ u

'T1ttle larger (steeper) than

112; ai t = 2, slightly .

smaller than 112.

0,
Slope is measured in unitsof feet

usual -name. Positive values would

a resting position; while negative

or downward movement.

and at t =2, v = 96. 160

(i) 112 ft./sec. for each.

v,

per second. Velocity is th

tndicate upward movement; z

values would indicate a fall

r

- 5 10

.

(j) The slope of the line v = 16 -.32t is in units of feet per
*

,

sec nd per second. The word physics is accelerationl 1-32

ref rs (in. feet per second pe second (ft./sec.2)) to the accelera-

tio due to the force of grav ty,at sea.level.

- A Ak' I

6. (g) When s = 0, 16t(10 - i) , t = 0 or t = 10, ihelefore, the

projectile strikes thegroun after 10 Seconds. .

kb) Si* f :

velocity after t

' (c) When t = 0,

t 48 = 160t 16i2 and f;,,,1 82t, the

seconds is 160 - 32t_ ft./spc.

= 160; hence thelnitial velocity iS 160 fA/sec:

1

81

90 : *\:-,



(-a): From part (a) we know that-the projectile strIlds the gound after
_

.10 seconds. When t = 10,'' v = -160. Therefore, the impact

velocity is -160 ft./sec.; i.e., the pellet strikes the ground with

a speed of 160 ft./sec.

(e) 384 ft.

.(f) 384 ft.

(g) Since ft(5) =.0, Ahe projectile reaches its maximum height\fter

45 seconds.

(114 Since f (5) = 400, the projectile reaches a maximum height of

400.ft.

(i), Froth-parts (f) and (h) we compUte

1(
400 + (400 - 384),* 6

to obtain a total distance of 416 feet after 6' seconds.

7. (a) parabola 4
.

(b) f': t = 96 - 32f

(c) When. t = 1, s = 96 - 1@ = 80; hence, the ball is 8o ft. '4V

above the ground.

(d) When t= 5, s = f(5)., 80; hence, the ball is 8o feet above

the ground.

\(e) -Since the ball reaches a maximum height of 144 feet, we compute

$:

0

144 + (144 - 8o)

to obtain a total distance of 208 _feet after 5 seconds.

P..,

(f) Since v = 96 when t = 0, the infiial velocity AS "96 'ft./sec. ,

11 4op -

(g) Since s = 0 when t = 0 -or t =,6, the'ball is in the air fo? .

- .1 6 Seconds.

h) Since v = -96 when t = 6, the impact velocity is -9 ft. sec;

-- i4
i I

i.e., the ball strikes the ground at aspeed of 96 ft. /sec.
.

,

(i) It is ;32 ft. /sec?

* 2
t -, s = + 96t + 200

J

(k) G : t -* sl= 16t2 + 96t + 200

111:'t 0.vtk"

4
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= kt, where k = 2c a positive Constant.

P(t) = vot
1
gt

2
.

The velocity is given by

Pt(t) = v0 - Bt,
.

Pt (t0) = 'v0 s gt.

vn

(c) ,ft(t) = v
o

- gt = 0 if t = -=1"""g,
t

C.

2vo
(a) f(t) = t(vo - i; gt)4= 0 ff t = 0 or t =

2.

Thd velocity on return to the initial 20 foot level is given by
40

' 2v
f4(..i2) -v0.

(e) Let vi Pt/sec = the impact velocity.

We know that (vi)? - (V0)2 = 2gs. since (vi)2 =Ivo t gt)2.

Since the-gobject is traveling downward, is positive. Thus:

(vi)2
= (v0)2

_
2 and

(1;i)2
ord

2
4- 60g since s = 30. 0-

Hence,-

"SR

')

vi = 1/(70)2-+ 60g.
1



10. From Exercise 9, the height of the ball at time

function -
.

t V0
t - 16e.

function 1,s maximum When (t) = 0.
:mg

or

ft(t) = Vo - 32t = 0

v0 4.4
t =

The MAXIMUM height in feeti is, -therefore,

t i given by the
,

3

Vo
V V 2 V2 V2 v2

0 0 0
_ f(-7) = Vo(0 - 16(32) = rit:= -

From Exercise the- maximum height in feet pf the ball from' the point

of release is. .
. .. V2

0
_., g7

Hence, from ground level the maxi:mumTheight in feet is

Since the toss must4be in
the tall 9b ft./Se....,

_ v
a
o 4.

V2
4 - 148

v6

the pOsitive (up) direOtion, ',lisle must throw

12. The height above' the' bound of the (dropped ball is- 128 - The
, I

of the tossed ball is 64t - The balls collide when
,e

128 'I16t24 614 16ej

lie .,iwhen t = 2: he velocity of the dim'pP4hall given by the .'.. .
,

Eby
1 l'Ir

derivative of 128 - 16t2, i.e., -32t. . ., =4.'":.
,tit

, 1

At t .-= 2, itsvelo city is -64 ft./sec. The'r.reXatp t the tossed
t. , , .

tall is, given by the derivative, of 64t - 16t2 i.e;;;;,., - 32t.-, :.:4
---,

At t = 2, its velocity is 0.
, .+,3;

, ,
i

001

93 84



A

60t 30t2 120t
1 2

120t1
- 40(mph)40. ti 30 t2, Vav = t2 3t1

whI

14. (a) 14<t<8<t

(b) v = 0 and t = 4 (ft/sec) (ft)

128 256

2:45

s y128t - 16t2
.

15. .(a) When s= 12, t =2 or t =2

When t =
1

, v = 16; when t.= v'= 716.

V
t (sec

The velocity is 6 ft./sec:'when the ball first reaches a height

of 12 ft, and -16 ft./sec. when it again reaches a height off

12 ft. (The speed of the_DAllle_thedame each time it is at a
height of 12 ft.)

(t) v = 0 = 32 - lgt, at t = 1.

Onesecond after being thrown it reaches its highest point, 16 feet.,%

P.
1.6. (a). s = 64t .- 8t

2
and maximum" s =-128 since m = 64 - 16t and

t. = 4 for maximum s. Since to 14, = 8(t
4)2

=
8t2

-64t +.
But s is the distance from 128 back toward zero and so we may
write:

s = 128 - -s- = at r-8t2 for -> 4.

Sine the upward travv1.1. described by s = e4t .- 8t2 for

/ 2

/

.. 2 .

0 < t < 4, we have for the- entire trip pe function t 0s = 64t - 8t.,
-0 < t < 8 since s again equals zero,wh'en t = 8.

'

^

85
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,

Solutions Exercises 2-9

1. -f": t -e12t - 78
le

2. (a) The point (0,0) is a minimum.

.(b) The point (0,0) is a point of inflection.

3., (a), f'(x) = 2Qx +_20x3 - 60x2 - 100x - 40 .

= 2o(x II- 1.)3(x - 2)

f"(x) = 80x3 + 60x2 - 12QX- f004

. 20( x + 1)2(4x - 5) ,

1

1

(b) The zeros of f' occur at x = -1 and x 1 2.

the second derivative test and obtain f"(-11) =

Since f"(2) >,0 it follows that f(2) .is

criterion of this section gives us no info ti

ti

o

We attempt to apply

0, f"(2),= 540.

minimum. The

on about f(+1)

,(but we observe that there is ereversal of (4 sign of ft l'rom
?

positive to negative so that f(-1) is a 1ocd1 maximum),

4 (a) I) = x4 - 2x
2

+ 1 = (x
2

- 1),
2 6 ,

(b) f"(x) 4x = x + 1)(x -41)

(c): fl(al) = 0

(d) e(.-1) = o

1

(e) f'(x) > Q for all x, so the graph of"'f is rising (or horizontal)

for all x. The graph of 1 .isiforizontal at PT=

f"(x) < 0 for all x < -1, .

f"(x) > 0 for -1 < x < 0 ,'

f"(x) < O. for 0 < x < 1 ,

° f"(x) > 0, for all .4 >"1 ,

I

(f) graph:

concave

;. convex- .

.4. concave

:convex.
.

'9
;

A.

`9

87

44;:t

, ,
1



4 r

'. s .,5.. The relative, maximum p6int t s -2;0) .
-1

,::, ...

2 .13N
The relative minimum point Is (p -9 1 e

o :

ile) . 45 425x4 '- 20.x3 - 50:;af"- 40x
e.:.

. , ,

ft(ilf 20(:( +*1)3- 2) .
.

-e.%
- f"(x) = 20; #x +.1)2(4x - 5).

skt.,
'

.

. t ,

Thq.K. yil='t is flexed downward for 'x < t and hexed upward:for
,,,* 4*. 0 r

%:

x ; f(1) lis a 190 ca1 ( relative). maximum, and f(2) is
$

a local

4.

Ar
( rela tive) minimum. f(-1)'= 11,

T
( 0) '= 9, f(?) - 1 f(2) =..12.

r 4.

1V

. '.

1
ww

?00 Y 4x5 2'

;

l're:p.

00

. 88
- 9 7

0
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a

12r18)

. ,..

8. (a) (1,1) is a point of inflection (iii).

(b) :(1,1) is a relative minimum point (ii).4

(c) (1,1) i.s a relative maximum point..(i):

(d) (1,1) =is none..of these -(iv).

.

,

.,,

.

4

e

He,

It

Y

1



(a) -
3 261,

, 35-6 ) and

( , and (1,-3)

(c) f(1) = =3
. r.

(d) f(2) ICI

A

'10.° J1,0) is ,a relative maximum

,(2;-2) is a point of infaeat-Lon

(3,-4) is p relative mini-mum
I

t

11.- 4i(g), B(h), C(e), D(f)

fL :(2,0) is g milikinLup

A, it (b) -(2,0)-, is a point of inflection with bort tal tangent.

(c) (2,0) is a minimum ,paint

1,,

t

4-.'

-99 :90.

-
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, (-2,13) is a relative maximum point.

41,-14). is a relative.minimUm point.

(- is a _point of inflection-.

0 (b) ( -2,32) is a relative maximum point.

(2)0) .is a relative/minimum point.

(0,16) is a point of infleCtion.

(c) (2,27) is a relative maximt.point.

(-32,0) is a relative minimum point.

'

(2,1i7) isa point of inflection.

(d) (-1,4) is a relative maximum point.

'(1,0), is a relative minimum point:

.....

. '

14. (a) ft : x -4 pc2 - 18x + 24

(b) Relative maxtmum'potnt is (2,2). ,..

Relative minimum point is',(4,-2).
1

(c) f" : x -4 6x - 1.8 ,'

---).(d) (3,0)`

%(?) f,(3) = -3

(0,2) is a Point of inflection.

(f) ft(x) = 3x
2

- I8x + 24 = 3(x - 2)(x - 4)

ft(3 k),= 3(3°+ k - 2)(3 + k - 4)

-=3(k + 1) (k - 1)

= 3(k
2

- 1)

.'k = 3(3 '2)(3 k : 4)

= i(-k,* 1)(-k 7 1)

= 3(0 - 1)1
.

ft(3 + k) = ft(3 - k) = 3(k;2 - 1)

1

4



(g)

,(2,0

(3,0)

(h)' The grap

inflecti

on the g

,(3 - k,

(

0

of f .i §, symmetric with respect to the point of

n (3,0), since or _every point (5 + k, i(3 + k))

aph of they is a corresponding point-

f(3 + k)); i.e
t.

x

13 - kY = (3 +

f : x ax3 4/ bx
2

+ cx + d, a / 0

f': x -) 3ax
2

+ 2bx + c

. f" x 6ax 2b

r

The linear f action f" has 6 real zero
.

since a /'0. Further-

more the si: of f"(x) for x < - 3a is, different from f"(x) for

x > - .

10
92

.4
a



-
fe

,(b). The zeros of f are (of multiplicity three) and -2 ("Of

two).,

(c) ( 0) the graph is flexed' downward, at i1, 0) the "graph

is' flexed 'neither upward .nor downward.

(d) Sameles part (a) . ti

x

8..\ 8
(1,15 15

1 .
,

' 1

-
.18. (2 - 24

4
) is a- relative minitnum point.

2
., _ .

,19. 0,0) sand (-1,-13.) are points of inflection.' , ,
-,s-

A,

a
.. 201 - il.)' f" * g. ---, a

4 .

(b) .(i) This is an xrintercept point for each of the. funCtions f
'and g. A zero Of g is -1 silica' ig -1) = 0. Because

-
Ir

I

(-1,0) is'als6 a relaiiVe maximum point on the graPh of f,
we know that -1 is a zero of f' of multiblicity two..

t (1.1)4"\This point 1(0,-e) is a point of itifiectioti of ,the !graph,:,
- of 9f,: as fiell .asthe y-intercept point of that graph,., , . i

t (iii), This y-intercept point (0,3)' on the graph of g idthe
.minititum'poini of the parabola. ,

.. 4W

9 I

. 4..
....

1-0.2
. . '. ,..). , .....,t .

41,



:

;

This xrintercept paint (1,0) of the graph of" g indicates

that.the oiher zero o± g is 1.

(v) Thilmint (1,-4) isa,relaAve minimum point On the graph

of f., 6

.(vi) This xzintecept,point (2,0) of the graph of f indicates-

. rthat the remain4ng zero of t is 2. .

4 .
4,

(c ) : 21 4
,-,.

.

. . I .1'

y =,s(x) -A- fi(x) 1
-r

. , I

' I

*.
.5 1. 1

. v

. I
1

1

a I
1

1

/

I A

1 , 1

1

, t
t- 1

t
1

t I.
I ./

1 / ,

,.. 1
/

,./

y-='f(x) 1 /

1
L2 /

/

% I

%
/

k
i .

3

0

2L. f(x) = x - 3x + 2

=,(x - 1)2(x + 2)

-5

(a) 2, 1 (of multiplicity two)

,(b) (1,0) relative minimum point

(-1,4) is relative maximum point

(0,2) is paint of 'inflection

O' graph:

k

I 0 P



(of multiplicity:IP.46) and

:(b) . {0,4) is a re.litve maKimum point

- .(2,0);ls a relative minimum point

I

(1,2) is thg point of inflection
yi .

(c)

tts

Pdexhave 'f'(x) = 2Ax +*'13

.r1

If the 'point °(x0,f(x6.))

' condition

4'

-1.

-t

= x
3
-3x

2
+4

and.

f"(x) = 2A.

I.

.40

114

is a point .of inflection we'must satisfy the

f" (x0) F 2A

But we 'have the, restriction A /0. Tierefore,the graph of

f. : x
2

+ Ex + C, A / 0 has no point of inflection.-

6

We'have f1(x) = 3x +-6x'- 4 and

. f"(x)= 6s + 6. -

. ,

To find the point of inflection we lets fu (x) ='6x + 6 = 0 and get

x = 7-1. By the usual argumeits;'earEld'e.that the point of inflection

fs (-1,3). 'Tie slope of the .tangent at (-1,3) is' f'(71) = -7.. An

'equation of the tangent is
. 0

.

4

b

11). : ,

Y = - 4.

. 95"

1

AA,
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. Solut ons Exercises 2-10 -

1. (a) f ) = 4.52

(b) y = -0.048 + 4.5(x -

(c) 0.81

2. TO' ft(1.5)= 6.75

(b) y = 0.375 +.6.75(x 1.5)

(c) x 1.444.

3. (a) 1/

(b) f(1) < 0 and, f(2) > 0

(c) Use the method 13T Example 2-11b

4. (a) f(0) > 0 and f(1) < 1

(b) ft : x -9.3x2. 12 -

(c) f(0) = 1 and fl(0) = -12

(d) x2" = 0 t-
12 Z

0.08

to obtain 1.414.

. r

(e) With '2 - 0.08 we Use synthetic substitution:

1 0

.08

J12 1 .

'.0o64 -.959488

I 0.08'

'1 ,.08 -11.9936 .040512 z..f(.08),

.

3 0 0:08

*.../

s .24 .0192

3 .24' -11.9808 Z ft (.08) .

. (f) x
3

0.08 - 22.2112 g 00-n. + 0.0034 0.0830.08
-11.9

,96
r

O

4



=, x3 7. 3x2 &+ 2 'f:(x) =:3x2 4.

f(2) 1 -

try x1 =2.7
f(3) = 2

1 -3 .

2.7

0 2

-.81 -2 .1.87

t.

2.7.

1 -o.3 -..81 -0.187 = f(2.7)

3 -6* 0 27
8.1 5.67'

3 2.1 '5.67 = ft(2q)

-0.187 -
x2 2.7

+ .033 2.73

6. Conside'r the function f :

x3 + 3x - 7 I

x -4;3 +3x 7

f(1) = -3

take x = 1,4

,-

f(2) =
1

7 .

1 0 3 -7 `"

1.4 1.96 6.944

1 1.4 4.96 -0.056 =

f'(x) 3x2 + 3

11.4. = 3(2.96) = 8.88

f(1.4)

x' = 1.4 4"5° '1.406(3)
2 8.88

11.41 f!(1.41) = 8.9643

= f(1.41)

I-

1." 0 3 -7

1.41 1:9881 7.04?3221

0 1 . 1.41 4.9881 .033221

0.033221-
# 1.406.x3 = 1.41

4

To two decimal places a zero of the function f is' 1.41. ,TherefOre,:

an approximate solution of x3+3x7.-7.Correct-to decimal place;

is- 1.41.

1

s



or

2

'(c). It is sufficient to require that (x) and fux) do not change
'at

their respective signs over the interval containing th6,root

acid its first and second apprtvimations, x1 and x2.

t
1 I

r" 98

4

r.

-



Solutions Exercises 2-11

1. n
1 1

2. K - 1 'x' x,3 x 4 x 5 5: 120

3. (a) g(x).= x' + .2x -k 1, f(2) = 2

(11)) 'p(x) = x +. 4 ; g(2) ='9

(c) q(x) = 1,ap(2) =

(d).- q(2). = 1'

(e) We have

f(x) (x 2)g(x)'+ f(2),
g x = (x 2)P(X) +'13(2),,

P(X) (x - 2)9(x) -; P(2),
1:1(x) = 9(2)- 0.

Therefore,

1,
f(x),-,-. (x - 2)( (x - 2)P(x) + 13(2)3 + f(2)

= (x -12) ((x = 2)(*(X.-.0q(X) + PPM 4: g(2V .4- f(2)

1
= '(X 2) ((x - 2)C(..x fr 05(2) t: P(2)3 + g( 2) ),' f(2) .

I , . c ,) .

*

. .,
. . (f) ' From part (e.) we'haVe /

lo, '

it
' f(x) 1.- q(2)(x - 2)3 + p(2)(x - 2)2' + g.(2)(x - 2) + f(2)

Substitgang from parts (a) through (d) 'we get

11+?.t(x) = 1(x,- 2)3 + 6(x. 1.2)2 + 9(x4- + 2.
.

. , The'refdie,
ly 1, 6, C 9, and D =

(g) ft, X -4 3X
2 - 3

x -4 6x

flu :. x 4 6 .
,

(h) f(2) = 2, et(2) = f.9, "(2) = 12, flity =) 6'

f it
AM

.1: ill 2,, fE21
1: 9' 2!

6,
3!

=1tm(2)
` !

\40



(j) 4' = B =
f'" (2).' f"(2) ft(2) 1(2)

21 ' 11 ' D

4.. (a), (2.1) = (2.1)3 3(2.1) = 9.261 .7 6.3 =2.961

if(2.1) = 2

g(2.1) = 2 + 0.9 = 2.9

h(2.1) = 2 + 0.9 + a.o6 = 2.96

"1'v F(2:1) = 2 + 0.9 +"0.06 + 0.001'e 2.961

(b) 111.: x -4 2 + 9(x s- 2) + 6(x - 2)2

(c) g : x 42 + 9(x - 2)

4(ti) X -4 -3(X + 1)2 + 2

--. (e) X-) a3 -' 3a + (3a2 s- 3).(X - a) + 3a(x --6 a)2
2

x3 x li
. , 56 1.. (a) ,Ft:x-)+, x+7.+51-+.-r,i ',

x2 x3
N. F" x'7,1 t f + Ti- + -'

2X
F : '4 1 + + .714

f eO

FRY: x 1 + x 4.

fe : x

fm: x -) -1

(c) ge ; ,x

g" x 1)-

Am: x

(JO '

.2 I: - 6 8 /X10 4/.
x x x x

21- ST- iTSr

x3 'x5 x7 x9 1
+ 3 ! -- 7!

2 4 6
x x x
2 1 r, ST

3 5x x x7

3! 5! 7!

3 5 7 9

5! 9!

2 6 8
x x x xgt-U+U-In
3 5X3 x x7

4

3! 5! -7!
x x x6

x -4 2! 4. Et. gr.

100

109

.1

1

6

.1

0

144;6,
OE



6. (a)

61Y

*

7 0 0 -2 3

-7 7 -7 9

7 -7 _7 -9 12

7 -7 7 -9

-7 14 -21

-14 21 -30

7 -14 ,21
-7

7 -21 *42

-1

7 -21

-7

7 28
; .

.f x -412 - 30(x + 1) + 42(x 1)2 - 28(x + 1)3 + 7(x + )4/

This agrees with 'the result of ExgraRle. 2-11a. 4.

(c) linear x --) 12 - 30(x + 1) ..-
.4

..,

:quadratic x ->12 - 30(x + 1) + 42(x + 1)2

cubic X ->12 -,, 30(x + 1) +. 42(x + 1)2 - g§(x + 1)3
-..,. ,,,,,

(d) fall,in_ ,and flexed upward
.',.-

7. f" : x --ax2. + 15:lx,- + c
_ "' Att,N

..

t,!: b,:I -2ax '4. .';
-;:;.,

.

tu:
,
x --) 2a

-A.

' ,,a
If " x'--) 0 1

4
...I,

l';

. 3:

4

a

5)



Teacher's Commentary

Chapter 3

CIRCULAR FUNCTIONS

In Chapter 1 we cc>esidered the algebra of polynomial functions; then in

Chapter 2, the calculusOf the same functions. We continue this "function -

calculus of fnction" sequence in Chapters3 and 4 respectively.

. Unlike the poly nomial functions considered in the first two chapters we

.now discuss functionsownIch have the property.that their function values

repeat themselves in the same order at regular intervals over the domain --
. _ .

periodic rumetions, We shall consider severll types of peti6dic fubctions'

in the coutseof the text, tut in Chapters 3 and .4 we invite the student to

focus his attention on the circular functions. You may wish to refer the stu-

dent, to Appendix 1 for additional work with circular, functions as well as

discussion of other plOodic.functions. We do not intend'for this chapter to

be (or.even to review) adgourse irle;he solution of triangles. We.expect that
f'

thisespect of trtgonometry will have been studied'in a previous course. That

is not unconditionally necessary, 'however. We do hope to cultivate an dtti-.

. tude 'that.fill prove useful to the stude2it. We want the student eventually

to be able to think.of the circular functions as purely numerical functions

apart frdm the ideas of-the geometry of the triangle:,

,
If a student is able to think about the circular functions analytically

we believe that the ,osn then develop, systemptic computational techniques for

their use and.great34- expand their range Of application. For 'example; the

property of the circular functions essential for higher analysis is their

periodicity, a property to which the consil0qtions of elementary geometry-
. (.? <
and trigonometry scarcely point. he role of periodicity in our understanding

4,of natural phanomena is profound. The ci.1)=.41ar functions correspond directly

to the,simnlest periodic motions, the turning of a wheel or the-motion of a

particular transcribing a circle at uniform speed. Yet combinations of these

samewelqmentar4f circular functions can be used to represent thd most intricate

.:1, periodic phengmene

f



In Section 3-4 it would seem useful to point out that,the simplest

periodic motion is that of a wheel rotating on its axle, Each complete turn

of.the wheel brings it back to the position it he)d at the beginning. After '

a pointiof the wheel traverses a certain distance in its path about the axle,

it returns to its initial position and retraces its course Again. The distance

traversed by the point in a complete cycle of its motion is again a period, a

period measured in urlts of length instead of units of time. tf it should

happen that equallengths are traversed in equal times, the motion becomes

periodic in time as well and the wheel can be used as a clodk.
-

The concept of circular function is based upon ideas (like the idea of

licqtf1-7Zich are not usually stated precisely until a more rigorous course than

IA. Nonetheless, the circular functions are too important to neglect. Be-,
I,

ginning with this chapter we use them freely, assuming all the properties which

are familiar to the student from his earlier courses. Without Concern for a

f ,strictly logical derivation of these properties, we shall argue geometrically

and intuitively to obtain those. dopertizs central to this course..

We use the uv-plane when we define sine and cosine in terms of the unit

circle, but later (Section 3-3)-we display,, the graphs of x x' hand '

x 4 cos x on the xy-plane. We do this to a''oid the confusion which might

. result if we were to teach the student -to try to visualize x as the measure

of the horizontal axis on ihe plane of the unit circle and at the same 9 ime as

the measure of length of the circular arc. We believe that the, use of u and

v is pedagogically more satisfactory than trying to get x to wear two hats

in Section,3-1 and in the transit%on from Section 3-1 to Section 3-3.

A more exact way of defining sine and cosine is by a composition of two

functions, one Uom th'e Let of real numbers to the set of geometric points On

the unit circle and the other.from the set of "ints on the circle to the set

. of real ,numbers. Thus, if x is a real numberGet if P is a point on the

unit circle, we have a function

1 ! .
and another function

f : x-4 P

g : P cps x,

from which we-obtain the compoSite functicin

gf : x -*cos x.

The sine function can be similarly defines. We believe, however, that the way

in which we have handled it in the text, while possibly less rigoPts, is

.certainly easier to teach and is perfectly adequate for our purposes.

112.
a

. 14_14 eff..
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-

Our, experience suggests that the fact that cosine and sine are func-

tionstions from realnuMbers to real.numbePa,needsto be emphasized. Although we

' .haVe,used the concept of arc length, sine and cosine can pefcompletely

A i

' divorced from any georAtric considerations. They are functions on the set

.of; real numbers in the,same'sense as polynoMial or exponential functicins.

Traditionally when one spoke of sin A, aistuden:t thought' of A as the

measure of an angle. He may have thought df ,A, as.beihg the degree measure

or radian measure of an angle, but the idea plat A.'need have no connection

an1angle has been foreign tommany students in our experience. '

There are three closely related, though distinct, kin's of trigonoultric

... functions passing under the same'name. First, there are t'he:trigonometri'c

functions of geometrical objects, namely, the angles introduced in geometry.

Then, when we introduce an angle measure, the functions., are functions of a

real variable.
t- The real functions depend upon the measure pf,the angles.

'Thus, the numerical function; obtained by measuring angles in dkgrees (a relic

of the Babylonian sexagesimal numeration) are not the same as the functions

obtained by measuring the angle in radians. Since an angle measured by x

-..

degrees is measured)py 5-55 x radians, a.trj.gonometric function,. say the sine

function, defined in termsof degree measure is related to the corresponding
. ,

trigonometric function defined in terms of radian measure by

sino x = sin -n- x
1.00

Central:ahgles are relaTed to the unit circle as the chapter-progresses.

Having begun with functions /connected with an arc length x Units, we expand

our consideration to deal ith sine and cosine as time functions, using wt,
. .

where w (as is the case in most scientgic applications)' is` the measure of
- .

. angular velocity.

When we use a graph to enhancethe student's understanding of a function

which maps real numbeiis into real numbers, we give a true, picture of the func-

tion only when'we use he same scale on both axes. However, it is sometimes

.desirable to distort the graph by 'using, different'scales in,order to show im-

po.rtant details which might otherwiie he indistinct or donfused, and when we

graph an equation whichldescribes-the relationship between two physical quan-
.

titles, the question of equal scales may be meaningless. If the pressure p

, at time t is given by an equation of the fOrm A cos (wt p), we can'-

not use the same scale on the p-axis as on the t -axis because there is no
o

common measure for time and pressure. Because this situation is one of common

occurrence in Applications of the circular functions, we have not always in-

sisted on the equal-scales principle.



1. (a) 120°

(b) 30°

(b) 0".

a) o

2. (a)i/ 2

/b)

(c) 1'1

'1((d) 83

(e) 1371'12

(f) 12 t

3. (a) lc, 2,

Solutions Exercises 3-la

(g) 48o°

(h). 648R

(i) 585°

,27o N
(j)

(k)
(126)0 40°tt

(i) 4)0 149°

'2
190

T87
rt
10

(j) 7575 ,.007, red.

r

\(k) 971 .28.33 rad.

(i)I (11-)0 = -1)(Tgu)

(d) i, 21
-4

23V

T:t.

.1 rad.

1o6

114
j

at-
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T

1711 = 2(2g) + = 3(2g) + ,( - -741)

3g= 4(g) + = 5(g) + (-

1+t = 8 + z 9(2)
r.

-
12

= :1(2A) +4 3.. it) -2(2n) (3

-200 (- 72) = -3(.) 4 (34)

(iii) - P2-- it = -5(2) + ( , '31.2"2' -''j - 6 (ii) + (i2)

(C) 4 i.) c A = 2(2A) + (%-jt) = \(270(+ (- 25-1)

, '(ii) .; A = 5(A) + (5) = 6(7t+ (-il)

(IAA) 11.7t = 11(2) + (10) =12(i), (- -2i-t)
\

... ,
\ .. .

..,(1) I(i) - 2Lt = _2(2.) + 40 = -1(.) 4. (- 7i)

es,
- -2135- n = -3(A) = -2(V) 4-\ (4r I

,(iii) = -6(2) + = + (
. .

Irj. 1 If. 17, (a) Q3. (7 ,e Q5 (- p

4")

Q3. (0,1)
Q'T 2 " 2

(. 2..-)

Qs, (1
(b) Every other one; i.e.,

Qle Q6t Q8) Q10, si.2, have the same

coordinates respectively, to P1, P2, ...., P6.

(d) You cannot reads off values of functions in such a way. Countless

counter examples can be': readily seen; e.g.

1 A
sinsin - + si° 4,T;

/
= sin g r

2 -V

'107

11 (;
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8. (a) K1 2 -1i)

(6,1) .

3 Iff2,11

K1
(-12°)

(b)

(2)

(3)

(4)

9. (a) -1,2 7

(-b)

(c)

1 1

' 2

lc
sin / r. cos ; sin

1 1 15
2

1 1
2 -2

1 .1
' 2

/5 1 1

ig

1
:

igj

156 (o,-1)

78 (1 :0)

1

`
(7) ,

(8) 7 161

6 '

n

%
,7,(§)

(1o) 1 !

Quadrant'I:

,/t

3
= cos g; slp T = cos T

108

Quadrant II:

Quadrant III:

f

sine positive. ,

[cosine positive

[sine positive

cosine negative

-s

[

sine negative

cosine negative



T

1 ....1., _ iq

y.

g, v5. 2

r . Quadrant 'IV:

13. 1 1
---fq z'

(e) (i)
)

Quadrants I and II. Quadrants III and IV.

(A) Quadrants I and IV. Quadrants 'II apd III.

(iii) II; IV; I; III.

lq
(a) P (cos gg gsin it) or 7 '

I)

P (2 cos b , 2 sin or or P

P 0443 cos , 141. sin dr P (6, 231.

orP (R cos ,R sin it).

(10 s T(2 cos x, 2 sin xY

T(7 cosh xy 7 sin

cds x, sin x)

T(r cos x, r sin x)

P(2,',2)

/

11. (a) Use similar trianglek to show that S =

(b) S = 2/r,,,inche,s Z 6.3 inches.

(c) S = Rx 115() = inche:4 'X 15.7 inchet
3

S =.11x = 15(72 ?gip = 6x inches. a 18.8 inches.

(a)

. '

[I

sine negative,

cosine positive

4

S = Rx

I

R =

. R

- R = 19.1.

R =

/6x) 18x
R = =

n

109

77S
r.

s
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(e) S = Rx
,

x =fax

2x =Rx

10x Rx

. R-= 1

= 2

R = 10'

S = ftx or R
x

=

." . S = 10x

If x S = 107,

)
If x =,i31 , S -

20n

12. (a)

R2
= ; 2; 8

a r
(b) A =

2

(c) doub/ed;, halved; tripled

'C

(constant of proportionality)

\
\k 1 2

cil A =7 R x,' where .x is arc Measure

2

1
n
..2 S .

arslength is-radius x.arc measureR

1

2
- R

2
S = (-2 )s

,

v. w

.1.e., Area of sector is propOrtional to arclength' where. the
R Sxr;
2

constant of proportionality is - (S = R x or 'X =

.
(el) A

.--
-S^ =

18-0.?y 108 (in sq. in.)
2

R
2

4

(f) doubled" halved; tripled.
1

r

1

a

110

41.

ifir 1 8

0
.

2 ;
1



13, (a)

*se

- .4
(b) *for any integer n, x + arm

2."4

..At.

3-1a

=.

corresponds,to di' trips around the

circumference of the unit circle %( clockwise., if n < 0 and counter-

clockwise if n ,.'.70 ). ,After the circumference tas been traverscl

VI' a'
n `times we arrive back at the same point, whose coordinates may.be

written either as ' ,
,

..

s (x-,Z4- 2nn) -....sin (x + 2n1())

or
4

iffnce,

(cos X S1.21X) .

sz.

COs = 'COs (x + 211,1)
-

Sin x (x + 2ng).

1

.-
ti



1,

No... 0
Solutions' Exercises LEI

Note; We use- linear interpolation since close to a point a line serves to
-

.40
approximate the graph of sine br cosine.

1. (a) sin 0.73.44.6669, cos o.73 0.7452

(b) sin (-5.17) = sin (-5.17 + 24"'

z z o.9857:

cos .(-5.17) Z cos 1.11 m eft 4 4 47

(c) sin 1.55 2: 0.9998,' cos .1.55. z 0:0208'

( (d). sin 6.97 liii9,(6.97 - 2y)

2.. sin 0.69.z0.6365

cos 6.97 z cos 0.69 w 0:7712.

2. (a) sin x Z x z 0.11

(b) cos x Z 0.9131, x ,0.412

( C) sin x z 0.6518, x z 0.71

ti

(d) cos x z 0.5403, x1.00

(a) lly y .
qi

) sin = sin
12 12 .

. 3.14
... z sin

_12
sin 0.2o

..°

sin
lly
TT z .2571.



(b) ccis 751 = cos( If +

2/t
40 = -cos

4- 5
,

5)

= -cos 1:256

Interpolation

cos°1.25 = 0.31531'

cos'1.256 ?

cos'1.36_1. 0.30 8

Difference = .009

Either cos 1.256 = 0.3153 - 6(0095) = .3153 - .0057= 3096
or co4.1.256 = 0.3058 + .4(.0095) = .3058,+ 0038 = .3096

7COs

7t
.

AP

(a)

cos 11 -' 3096
5

sin 11.50 = 4n(2(6:28 -.1.06)]

='sin(-1.06)

= -sin(1.06)

= -.8724

cos 417° =4cos(36d° + 57°)

= cos 570 4

11:50

= cos Since 57° =,1 radian

0.5403.

(a) sin .22 = .23.82.0

sin ,x = .2'23

Sin .23 = .2280

. ,

ein 11.50 = -sin 1.06

) 98 /
49.

4
. . x = 225

(b)==v9s77> =,0.7179,

24.

14 2

x = .772

21



<F, s
-,/ ,

(c) sip 1.05 = 0.86Y4) 40.

'sin x = 0.87,11;t
sin 1.06 = 0.8724 ,

s

4o
50 50v

X = 1.058

(d)os 1.39 = 0.1798

cos .x =
0.1759) 39-. 98.

Gib

cos 1.40 = 0.1700

5.

t
(a) .sin 75° z.0.966

*-(b) Either coa.140° -= cos(180° - 40°)

= cos( -40°) = cos 40°

tt,

- .7#6

or cos 140°1 = cos(90°.+ 50,(3)

=.-sin 50° .

. 4

x = 1v394

(c) sin 490° = sin(360° + 10°), -=F

= sin(120)4

= sin(180° 7 60°)

= sin 6J°., '

.866

(d) cos(-460°)' =,Fos(-360° - 100°).

cos( -100°)

, , = cosF100°)

Either cos 100° = cos(180° - 80°) = -cos 80°

or . cos 100° = coa'00° + 10°.

7
i.e., cos 460° =0.174

114

1.i2 2



e.

.) (a) IP ern x = 0.574,. then x ;30.) 1456.

(b) if cos * = 0.643, theri\ x = 50°, 310°.

(C) ,If sin x = :0.819, then x = 235°,.305 °.

(d) if cos *'= -0.087, then x = 175°, 1850..
J,

Solutions Ibcercises

1t 0 4,

3-2

rrk (ta) 'i(31t) = = (d) f(
11) :5?

. .

(6): f(3) t(i)
( e

1 (
f(121) 0 -

'2. (a)--fN)

(b) f(i) 113=
2

(c) f.cp =].

3 . (a) x = + ny

(h) x =IC + nit

4. (a) sec e

sec e - cs

(e) f(-7y = f(y) -1
N

(f) f(_ ) = f(3) = - 1

(d) f(i)

)

(e) f(n) r 0

(f) i(1) =

, ( c ) x =nn

(d) For -eatV values of x.

1

cos e. cos e

1 , 1_ sin e cos,e
cos e sin e sin e s B

6,

sin 6 1

ten e + sec e cos e
+

cos 8

sin e cot e .. . cos e
.

sin) 0
'sin e

.0

1 cot 8
csc

sin 0
sin e - cos e

.

1 + sin e
. cos e 1 + siCe
,nos e

cos
2

e

+4 C 0 s 19--- -din e +- cos -9

sin e sin e
r- sin e + cos e

1 1 ,

sin e . sine

' , ' sin e cos (94 sin e

1.; tan,e 1 + cos e , cos e

s
= sit8 cos%

ec e 1 1
m +

,

cos e 1 cos e



.1

(iii) sin e csc e = sin 6
sip e

Sec e = cos e - 1
cos ecos 9

tan e cot 9= tan e
1

/

(a) (i) cos
2

e - sin
2

e = cos
2

e - - cps- e) = 2 Cbsg e - 1

cosg- 6 - Om2
= (1 - sin

2
(9) - sing 9 = 1 -2 sin2 e

'tv;;;3ii) -tan e + cot e

.
sin e cos 9 ,sin

2
e + cos

2
A' csc 9,,

cos e
+

e sin 9.cos e cos

1 1 -1 + cos e + cos e 2 _2(iii)
1 + cos e 1 + cos e

1 - cos
2

e si-nge
cos 6 1

(i.v.). cot e csc 'e = -
cos e, sin 0 sin 6

sin
2

9..
--. ' 4

,1 141' cos 9 cos e

sec e - c6s e 1
.-cos 0- 1 cos2 0 sing 9

cos ev-,

' (b) (i) ,(1 - sin2 Osecg d = co0 e sec
2 e = 1

(ii) (1 - cos2 e)csc2 e = sin2 e csc2

(iii) cOt e(i - cos2 e) =c0t2 e sin2

e =1

e =J-cos2-'0

2 2 sin
2

e
sec 8(1 - cos

2 e) = sec2 e sin 9
_sin2

= tang e

cos, e

6y (a) sin
2 e + co a =1

sin2
4-- 1 -

1

66s2
cos

2
e

tan
2

9 + 1 = se c
2

e

(b) Firsi; we need tb1;fibd

ihe second coordinate of Tf

AT
= AT

OA
tan e

t

Next, find, the hypotenuSe OT;

COS
1 .

FT

T

.0T = - seccos e

Now, we Can read from the drawing; 1 + tan
2 e = sec

2 e



4.

.( sin2 + cos2.,,,9L=.1

1 +
cos2 '1

sin A. sing 9 .

1 + cot
2

0 csc2 19*

)

(d)' .(i)
sec 9 tan 9

sea
2

- tan
2

9 = 1
cos 9 cot 9

4,
, , ..,

, °N
b2 , \ ..

-(ii) sec
2

9. + csc2 9 F csc
2 (sect 9

J.9 / = csc
2 9(tan20 e + 1)

csc
2

9
t

2
= sec

2'
9 csc

cos2 91
+,

1 sin
2

+ cos
sec

2
9 + csc2 9 = _

cos
2

sin2 A sin
2

cos
2

sec2 9.csc 9

"c4

''(iii) sin2 9(1 + cot2 9) + -cos2 9(1 + tan- 4)

= sin
2

9 csc
2

9"4- cos
2

sec2 9 = 1 + 1 = 2

.7. (a) ein(x + h) x = PS J.,QT

-

PR

winceItt
PQ (knee PQ

is hypotenuse

of rt. ,6,PRQ

, (b) BuV;Chord PQ < arc PQ

. . Using part (a)

sin(x + - sin .x < PQ < ar8
.?

or Isin(x sin'xi < 1111

(c) cos0e+ 11) cos x = OT - OS =fiST = Q < p it
..f

FICOS(X 8 XI <4ttlhl

-:',.:
/.8. () 6,Q)40 - APNO; . .has coortinates

1

(b) LSRMO - aNO; . .

.

hastcoordinates cos ,x, sin x)-

# .
.. ,.

w

-bps x,,. -sir x) ti

s

1- 't

117
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-

(a) Since coordinates of P Care cos x, sin x, Coordinatqs of Qt

are (-cos x,-sin x).

(b) (i)
0

cos(x - lc) = cos [--(n,- x) ]

= cos(n x) (Using (6)) J
-cos x (See Number 8)

(ii) sin(x - n) = sin (-(r x)]

= -sin(n - x) (Using (6))

= -sin x (See Number 8)

10. MO = 60Si
. ,

.coordinates of R are (-sin x, co x)

-cos(x + -sin x

sin(x + = cos x

11. cos(x +
2 2

= sin I - (x

. -sin x

a

t
At

et- .

G
X +

. ... IIIIIIIIII I

2
= sin( -x).

(b) (i) cos(x + it) = sin.( - (x + 70] = in [-(S- + x)]
I ,

,t?

= -sin4 + x)

)

= -cos [2 (112- + x)] = -606(-x)
2 4.

.4. = -cos x
1111$

,

[11. - (X + it)] =-cos [-(11 + >))(ii) sin(x + it = cos
2 2

.

='cos(1:* x).
.

= sin 12 - (2 + x)) = Sin(-x)

g$.

. -sin x

118
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(7)

(6)

,(7)

..: (6)

tr (7)

' (6)

(7)
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- x)

= - = sin

=j_-sin - x) \ (6)

-(7)

1.) (7)

()
r

-(7)

%b.

=_ -costl - (It .-.x)) -cos(x

=--cos - x)

x
.

: (Rad.)
0

. x 'cos x 1 -.cos x,

(Rad.)

,_ 2.

--
2

-
_0 . 1 _ _ 0

-_ -.

0

0,1 -0;99995 -0-000005- 0.00005

0.15 0 8877 0.01123 0.01125

0.3 .95534 0.04466. o .045oo

0.45 * 0.87758 0.12242 0.12500

0.6 0.82534 0.17466 40.18gOo

0.7 0:764&4 0.3516 0.24500

0.8 0.6967- 0.3033 0.3200

0.9 0.6216 0.3784 2.4055

i.o 0.5403 0.4597" 0.5000

1.2 0.3624 0.6376 0.7200

1.5 , 0,0707 0.9292 1.125

2.0 -0.4169 1.4169 2

4.o -0.6524 1.6524 8

6.0 , 0.2771' .7229. 18

-4

zpough the students hive

available only the 4-- place

tables, some of the values

near x-= 0 are given' from

5-place Tables for the benefit

of the teacher. When x is

very small, this 'inequality is

veey nearly an equality. When

x. =00, At is an equality.

* .
cos 2 ='cok1.57 +' .43)

= -sin(.43) = -.4169.

cos 4 = cos(3.14 + .86)

= -cos .86 = -.6524

cos 6 = cos[3(1 .57) A- 1.291

= sin 1.29 = .2773

r may,

119
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-IA), Because. -1 < cos. <-.-+1 0 < 1 cos x < 2, no matter how large

x2
tinueS to'inCrease, e.g. ,x is. The value-

2

1 - cos x

Range z

x2

2

Range

In Quadrant I 0 to 1 0 to 1.23

Quadrant II 1 to '2 1.23 to 4.49

Quadrant III 2 to 1 4.49 to 11.10

,Quadrant IV 1 to 0 11.10 to 19.74

=Therefore this inequality is useful only when ,x is very

near zero. When X > 2, it is obviously useless.'

*
13: (a) sin 2x = sin(2x + 2y) from periodicity of sin,

he period is y.

1 1
(b) sin

2
x = sin (-

2
x t 2n)'

(c)

2

1
= sin (x + 4n), and the period it 4g.:

cos 4x = cos(4x + 2g)

= cos 4(x + i),

(a) cos x = cos
.2

x + 2n)

= cos 11(x + 4g), and the4eriod. is 4g.

*14. If a is a period of cos, it must be true that

.'cos(x +
4

a) = cos x
<co,

for'a11 x e In,particular, it must be true if x = 0:

and the period is

, cps-a cos 0 = 1

But thelOsri oint:on the unit circle wi h abscissa 1 is (1i0),,

whieh corm; ds.to x = 0 + 2ny. The proof for sin is similar;

6
use x

(

I

20

1 2 8

1



Solutions ExeMses 2:11

111111 11141111
mwskl immomrimammo

11111PAIIIIMMIINEM MUNI In
11111111N NMI Mr'

TAPAIIMIc".x.S5111111 0111EVEM
111RaillEINP21111115111131111

NEMMENIMMEMEAMMmoommagairmaim Y° 2 COS.ii\k:1lWN i
11111M I IAIIN

Yu 3 COS. X E

'TM

vanumwumrim'

11111 F 1'. ..A. I I Al xNivegm,Irtinummilma Etriogimmor3fr
INUMMEMMEW

ymx yos
, 44

r
-0am mow mom

NNW MAN NNW
maims

. ofmwskammmoreammumilm
ys cox. 2 x.III

1 period

=.cos 3

1 period
y f cos 2x

121

129

1 period
1

y cos
2
x

,



CIRIMMIIIIIM MIIN1111111111MI
1111111111111/a111511110110111111311.11111111111151
11111111/4111111MEMMIIIMMIMMI111111011111,51M1

VAIIIIMMEMSNIVIIIIIIMIIIIIMMI REM
FAMINIIIVIIIIIIIV111611111111111MUM 121111 11.

.40101/241111IMIIIIMMIIIIIRIAINIIIIIM111111E1101111111IOEIIIIIMill
IMMAIIIIMINI111111111MIEVNIMMIEMIIMMIll

91111M1011P.2111MMIMPAIMIE2111111101011/4211111111
1111111111111111111111=11111111111111Ery,dosu+v)

ycos.(x.- -E- )a

-f-

I .
c -

/ COS(X + V)
Or cos x

shifted it units

\to the left. /

period: 2n

r.f..**

cos(x +

Or cos X

shifted "unit

\?.eft.'

period: 2t

.(j) -cos x

(b\ y = -2 cos

4C)$
\
.-.-.- Y ='-cos 2X

rcos.(k+-r)

cos(x =

or cos

shifted
.2

\right.

period: 2n

T.

X22

,/ 13



y=-sin

(1:11 - . y -2 sin 4x
.

9(g) 2 diny = - r- din x

,*----. - \c'y
/ i r \ \

k

It 1. 1.4
\ I \

\ I.........,

(a), (b) , (d) , each is

.represented bY,the same graph,

'since

..
-,

s
xosin = -coax - 1-1-)

2

= ain(x.+

= cos(x +

"k

7. (a) y - cos x

_

.74

1,s'

J, 4

123
4 .3 I
1



.

9. ' (b): y 7 Isin(x -

(Or Since Isin(x - 2)1

10,

(b)

(c) y = 1 Since

sin
2

x +
.

cos
2
x = 1

lcos xl,

y = Isin(x - 2)I

- Icos xl

)3r = -Icos xl

y = sin .x

2
y x

-

'To the teacher: It is obviously simpler to graph -y = sin
2
x and ft

2
sin2 x'

1, 2 .'y ,cosxwilentilestudentimm.msimx---,Cos x)

2 1 '

4 '
2°'

and cos x .7= =O. + cos 2x). Then (a) and (b) )

,
2

1 1 1 1
written as y, - .- = - -i. cos 2x and y - -, = -. os 2x, .

respectively. )- -;

4
*

J

7

,

124
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ilNEN NININNINI
CNN
NWINIONErImmo
MI NI INN

I'
ro-

-i.i/I", NI
"" rNowIME%

rig NI NININKII
s o . ice/

ON
IIIMN1'11Yi MUMWATS

'-' -N OMEN
g The

The

period

range

ii

is

1

- :

.
1111

.

-3

y2 sin.x-cos.x

'
INNSFiraiiii

11212

1111

LI WINN

II
II . y scosx

a
In

--
IUMII
INI
T4

WINN
.

ISM

.111112101gill INIRMI 1

PIANN
MINN

6511111M
DONN 2/1'.....

- 1NIP§
II ON PM*

_PI/vyiii y ,_y

1111 ' N

The period is 2x. The range is

(We Could only expect the student to approximate this range.)

/1

15 < Y < /5

X

42.. Since x = () t = cot, si = rout
r

'21c
, 3, then st = 3

3_

t arc length =

t = 2:

Marc

are length =

t = 6: length =

to: arc length =

2gk4) =.8g

2x(2) = 4g

2x(6) =412x

kg(toY = 2gt0

126
13

t tat
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( t = 3, then st = r 3 3 = r

(i) r arc',1.ength = 5 = -14:42 v-

'Sr6 lehgt.h =

9v 1_42

(iii) r*--, 10: arc length = T 10 = it

'9v
(iv) r R: arc length =. =11!.. R

,

halved, doubled *

(e) If r-= 10, t = then st = 10 w ; r

(0 iu = : arc length: 145(i) =

(ii) (.3= : arc length: 45(i) = 15n

2n
to = are length: 45(3 ), 30n

(i3.7) w = t arc length: 45(cp) = 45P

(f)

3. .(a) (i)

(ii) , :141

22.")("

'doubled, quadrupled

1

2

127 i



(eY.:(iff 3.7 g
'f

(1) (0,2), (3 ,2)

(
3

(a,a).

(iii) (, 0), (it o)
3

e.

3
0)

(a) (1.)

'(ii)'

y 'sin x (see graph)

y = cos,x (.see graph)

128
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/ r ?

(i)° y = sin.-x,+ cos x (see graph)

iii) The problem anticipates later sections in this

The P.er'i.od is :21c;

the max., , *7); and'the

min. i (/Lt ,-Z)

chapter.

This graph should be the same. Later, the student will be able

to see that , ,

- ,

sin x + cos x = /2-(cos x .cos 'i 4- sin x sin ?r-T-)
4

O
i .

. , . = V§ cos(5c - f)

1, and

,.

sin x '(sin X dos t + cos,x sin 3i)

= 142 sin(x io 31')

0 .

l'pel student alrehdy knows that

I

ig sin(x- + g.) 2 if tosEi - (x + 'i)] = Ig

1

#
.

(d) ,-:- e. graphs ,pf (1) and (d) qre the same.
A

i.

Solutions Exercises 3....1

cos(. cos (x

375

tee

.1. (a) In ,(6) let a = 134 = x 4

sin 2x = + x) = sin x cos x + cos is sin x = 2 sin x cos x

'41/fAm,

(b) cos 2x = cost x*- sin2x = 2 cost x - 1 (See Example 3-5a)

= 1 - sin2 X - sin2 x = 1 - a sin
2
x

, (c) Similar id Example 3-5a,, solve for sin
2

- x in (b) above.

Since cos 2x = 1 - 2 sin
2

x

sfn
2

x .a 7,4 = cos 2x
'91 ,

V*,

I/
129.1 rt

CiP

ai



a) Either cos x + sin x = '(sin x cos v + cos x sin t)

sin(x +

or

(p) cos x

= cos( - ?X + )
V

cos(i - cos(x -

4(coss2y + x - ) = YG cos(x 7nN+

cos x + sin x = Z(cos x cos T + siaix(-sin 4))7n

=.1q cos(x + 4A)

sin'x = '(cos x cos - sin x sin /0

cos(x.+ ) = s1.4 - x)

. sin(x - .70 y sin(n + x - /0 = sin(x +

C

3x

2

,

(a),

y = 4 cos(x -

= sin(x + /0

y =san x

y 'cos x

130
1 3 3

(b)

y = cos(x +

sin(x -

y = -sin (

y = cos x



3. (a) tatitt =
sin a cos 0 - cos a sin p.

pi
cos 0!..- cos a cos 0 + sin'a sin 0

cos a cos p sin a cos p - cos a sin p tan a - tan

1 cos a cos 0 + sin a sin a tan a tan 0

1

cos a cos 0

(b) Jim4ar roof to (a) with signs

ciraitged:

(c) In (b)tlet 0 = a.

Then tan 2a = tan(a t a) -

(d) tan a
2

in numerator and denominator inter-

tan a + tan a
1 - tan a tan a

2 tan a

1 - tan
2

a.

sin
a . /1 - cos

2
Using Exercise,l(c)

a
cos 411 +

2

cos'a
Using Example 3-5c

/1 - cos a
1 + cos a

J. - cos a 01 cos a 1 - cos a
1 + cos a 1 cos a- sin a

s.

1 - cos a 1 + cos a sin a

sin a 1 + cos a

a sin2 a
sin a(1 + Fos a) 1 + cos a

Note: One might think that the result should be
(1 - cos a)

sin a '

a
However, if we test quadrant by quadrant we find that tan r and

1 - cos a
always have the same sign.

sin a

If of interest to verify the result

a sin a
tan -

2 1 + cos a

from the accompanying figure A.

0

131

Figure A

sin x



Similarly from figure B

--a 1 - cos aAna
sin a

These "proofs" are restricted

to the case where 0 < a < n.

4. (Pe = (oU)2 + (0Q)2 -.2(013)(01,)cos(a -

(cos a - cos 13)274- (sin a - sin 02
_2 2(1) ( 1) cos (a -

P(cOs a, sin a

Figure B

- cos a

Q(cos f3, sin 3)

, 2 a 1

,,.. cos a - 2 cos a cos 13 + cps -4- sin a '- 2 si.tii a sin 13 + sin2

= 2 - 2 cos(a -j3)=.
2 - 2(cos a co 's 13 + sin a- sin 13)= 2'- 2 cos (a - 13)

. .cos(a - p) = cos d cos 13 + sin a sin 13
41,

.f
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5

)1 3-5

1(032-4cos(a-Ox-cos(a+Oxl----Ucos ax cos bx + sin ax sin bx)
2
-(cos ax cog bx sin.ax sin bx)]

6 '
= sin ax sin bx'

(b) Icos(ra - b)x + cos(a + b)xl = [(cos ax cos bx + sin ax sin bx)

+ (cos a0 cos bx - sin ax sin bx)]

= cos ax cos bx

6. (a) sin il-1 = = sin cos - cos 7. sin,

1/ if

( 2)( 2) (
2)(12) ,

1,
Alternatively we can use sin

2
x = .a.A1 - cos 2x) derived in

NTmber Let_x = then 2x = and

, 1 ,r--7,7
sin = --5 =

50 ox o o o
(b) cos 12 cos(. + = cos cos g.r sin sin 7.

(11)(15) (1f )(1)
2 2 2 2

or

511 7 sin(2 -cos -
12

(c) tan 11 = tan(-, +
12

(i)

-

12
sin It

12

tan + tan
yl

4.
o o

3 1 - tan tan -5

1 +

1 -

11g
-.

,37(
+

g,
cos -. cos( -. v

12

3 3o o
1. .4. co sin 1 sin g

16 + If
. ( ' ( '1--) :

133
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7. (a) cos

4.

- sin e = (cos2 e - sin2 e)(cos2 e + 'sin2 e)
.

= cos
2 e - sin2 e

= cos 20

(b) cop2 2 = (1 + cos e)

tame + cos e tan e (tam e2 tan e

tame .+ sin et! .

2 tan e

, 2 1 1 1) (sin a + cos = sin .g a + 2sin 1 a ,pos -g a + cos2 -g a

(d) (sin e + cos e)

(e)

(f)

1= 1 + 2 sin 1 a cos -gia

= 1 + 4.1n(2 -321)a

1+ sina
= sin2 e +,2 sin 19 cos e + cos2

e

= 1 + 2 sin e cos e

= 1 + sin 20

2 sip e ,
a tan e cos e 2 sin e cos e

.1 4. tang e sin2 e , cos 2 e + sin2
e

cos2 e

= 2 sin e cos e =tsin 20

1"$,
+ cos e sin e (1' 14 cos e)

2 + sin2
e

sin e 1 + cos e sin e (1 + cos e).

1 + 2 cos e + cos
2

e + sin2
e

4

sin's (1 cos 0

2(1 + cos e)
sin e(r+ cos e)

2
sine'

[Neither side of the identity, is defined if e. =rm.)
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,
-1 .....

.8. (a) cos2 x = 2241 + cos 2x) . ,,..
.

(b) cos4 x =-1-0. + 2 cos 2x 4- cost
.2x)1,

.

-

tE). + 2cos 2x + 1(1 + Cos 4x)3

g[3 4 cos 2.x + cos 4x]
,a2

9. cos 2x = 1 -`2 sin2 x

sin2 x = cos 2x)

sink x = ) 2 c6s 2x + cos2 2x)

=
1 - 2 cos 2x + 1(1 + cos 4x)1

, 4

B-(1 3 - 4 cos 2x + cos 4xj

ty

I
A.

10. (a) sin 20 cos 9 - cps 29 sin 9 = sin(2e - e) = sn e

. (b) sin(x -y)cos z + sin(y -z)cos x = (sin x cos y - cos X y)cos z, )

+ (sin y cos z - cog y si z) cos x
t= sin X cos °y cos z - cos y sin z, cos X
= (sin x cos 'z -sin z cos x)cos y
= sin(x Z) cos y

sin 3x sin 2x = 2Ccos(3x - 2x) -cos(3x ;2x)1

cos e

< /
=

2
-'Acos x cos 5x)

sin e tan 26 =-cos e - sin e sin 2e
,.cos 2e

cos e cos 20 - sin e sin 2e
cos 2e a,

.
COS(29 e) 39

cos 2e co (Valid if cos 2e,/ o.)s° ge

135
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'(e) sin 30 = sin(20 + e) = sin 2e cos e + cos 2e sin e
a

(f)

=1 2 sin e cos
2
0 + - 2 sin

2
e)sin e

2 sin e(1 - sing e) + sin e - 2 sin3 e

= 2 sin e - 2 si,z
3 e 4- sin e - 2 sin 0

= 3 sin 0 - 4 sin3. 6
1

Hence sin3 0 = t(3 sin 9 c. sin 30).

sin 3x + sin x = 2 sin 2x cos x

Hence, sin x + sin 2x + sin 3x = sin 2x[1 + 2 cos x]

(g)
1 + tan x

1 - tan x

/1: (a)

-

o ry

Hence

2

0

2

1 +
sin x-
cos x cos x + sin x1

1
sin x cos x - sin x

cos x

+ tan x%2 cos
2

x + 2 sin x cos x + sin
2
x

(1 tan x
-

cos
2
x - 2 sin x cosx + cos x

1 + 2 sin x cos x
1"- 2 sin x cos x

11 + sin 2x
1 - sin 2x

Solutions Exercises 226
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(b)

(c)
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4

%ta

0

5

( f ) A

-2

Amplitude = 2, Period = y.

VANOMArt IallL411111M Al IN
WI/ IM12

2y7
Amplitude = 5, Period .7, T .

,

Amplitude Period. Amplitude Period

(a) 12 '

2y
.(d) 10 6

3
9,....,'

A

0:

s,



,

y +sin x J cos x

= 2(sin x cos x 2

= 2(sin x cos
3
+ cos x in

=2 sin (x + 1-r)
3

3

49'

(b) y = -sin x + cos x

= (sin F(:2) + cos x

3g 3n.
=-,r2- (sin x cos + cos x sin -Ir.).

1 E sin (x + 3,$)

(c) y = -1/3 sin x - dOs x

= 2(sin x (:21)
2

+ cos 5: t- 2)3

'

= 2(sin x cos'-t
7g + cos c.sin

7g

10
)

2 sin(x 7e.)

a

y= sin x - cos x

= i (sin x(4 +
-

cos x (- ,

X- cos + cos x sin
7gN

sin(x + 3p)

4. (a) (i) y = lq-cos x + sin.x

, = 2(cos x (2$ - sin x
) 2

-)]
c2

r.

lln " 3.1n
.= 2(cos.x - sin x sin g)

= (x
11nk

2tcos kx +

(ii) y = sin(x +
3

= sin(x, + = + 71-1)

(Soln. of Exercise 3(a))

- = CO - x:- 21)
lln

3

= cos(x 4- 67)

-139
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y = cos x - sin x

= 11,E [cgs x(1)

(0s x cos -- sin x sin

cos(x +

(ii y = lE sin(x + .--) (So ln. of Exercise 3(0)

. if cos(12! - x 1- -3e)

= ,15. cos( -x - . J.,E cos(x -I- p
,...

(c) (i) 'y = -cos x ; -13 sin x ,

li.
= x( - t.) - sins (-E) ) '

2y 21c
= 2(cos x cos T - sin x sin -T)

.r.

4,

cos(x

(ii) y = 2 sin(x + 1-1-) (Soln. of Exercise 3(c))

=2 cosi -x - =2 cos(-x - 3)

= 2 cos(x + 3

(d) (1) y = -cos x + sin x

= iE [cos X(-, - sin x(- 1
2

15. (cos x cos 24E - sinx sin --)

. cos(x

(ii) sin(x
77r%)+ -7 (Soln. of Exercise

r

3(d))

=-)E cosi - x -

,TE'sfos(-x - 2a) f Cos(x +3-t)

4



5 y = 9V pin nt - 3V cos nt

(a) A = 41- 9 6 = 3127 = 6v (amplitude)

r

,
y =

6Z
sin nt a a"-

616
cos n]

616 (4 sin trt cos ftt) .

- (i) Form y = A sin (nt + a):

Ay = 6Z-(sin nt(2)/15/ + cos nt(- -p]
2

0

-r = 66 (sin-nit cos 44_ ± cos nt sin itt_)

7: 6Z 'sin(nt + IL)

(ii) Form y = A sin (nt - a):

t. 2 2
y = 6Z [sin nt ("i") - cos rt. (-1 )]

= 61 (sin nt cos - cos nt sin i5

6/6 sin (nt -

Forst y = A cos - a):

616 ((cos nt (-

= 66 (cos tt. cos

L
P'

2n
3

66 (cos nt -
27c.

3

`(iv) Form y = A cos (itt'+ a):

sin Tit (--2-1-3-)

sip/nt sin 2-314.

= 6 [cos nt (- -( sin nt (- 2)]
7(

66 (cos nt cos
47 sin nt sin

3 's

= 616 cos ,(;rt. +-Lny
3

.49

3-6 -
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go.

(c)

I

sin(ut - a) cap

=,0.n(7ct -1,+ 2y) = sin(yt + 1P)

= -nth IL% = cos(-yt - .1-41)

3
cos(vt + 142)

3

2y%
= cos(7ct +

4y
- 27) .= cos(7ct - 7r.)

3.

Y = 6V6 sin(yt + 471)

Period:

2
amplitude =61

ab

note -scale

)

6., (a) y = A cos (wt - a) = A cos cos a + A sin wt sin a

y = 4 sin nt - 3 cos *71.

'A sin cc = 4, A cos a = -3

2, 2 2
A ksin a + cos a, = 1.6 +

A2= 25, A = 5

3
'sin a =

4
, cos a = 5

5 '

a. 71.- 0.927 :72.215

Answer: = 5 cos(yt - 2.215)

S

142

15U.
Oa

da

2
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-(b) y = 74 sin mt + 3 cos at

A sin -4, A cos a = 3, A = 5.

. 4
sin ct = - 5,: cos.a = ,

a 21 ad - 0.927 74 5.357

Answer: y = 5 tos.(kt - 5.357),

1-c) y = ,74 sin mt 3 cos 'ft,

4
A =15, sin a = -

5
, cos a =

a m + 0:927 2: W.069

,

Answer: y = 5 cos (vt - 4.069)

(d) y = 3 sin mt + 4 cos nt

A = 5, sill a = , cos a = , a = 0.644

o
y = 5 cos (fft - 0.644)

(e) y= 3 sin mt - 4 cos nt

4
A = 5, sin a = 2 cos a-= -5

5

a = n .- 0.644 z-2,.498r

( ;

Answer: y = 5 cos (At = 2.498).

7. A
2

= B
2

+ Ck

. C
sin a'= -A- cos a = .

4

4"ALAhouigh the dirlSions in this problem do not ask for thg Values of

t at which the maxima and minima occur, they have been included in

. these solutions in case the question arises.

1.

3-6
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,

(s)' A ..-5,` sin a = 2
4

'

, cos a = a= o.644.
; 5

Hence, sin 2t"+ 4 cos 2t 2 5 cos (2t, - o.644).

Maximum value, 5, occurs when cos (2t - o.644) = 1, or

2t - 0.644 = 0, t = 0.322.

Minimum value, -5,, occurs when cos (2t - o.644) -1,' or

2t 7 o.644 = g, t tt 1.893.

The period =
2y 2y

= = A.

Hence, maximum values,occur at t » 0.322 + nn and miniium

values at t tt 1.893 + nn. 1

(r) A = = 1 / 2 7 3 . , sin a =
2 ,

, cos a = -11 ,

a =1( - 9.589 » 2.553.

Herice,....:2:"sin 3t - 3 cos 3t » if-3-..co's (3t

The period
2y

. Maximum values, i37, ,occur when

5

2ny3t - 2.53 = -014,2no, t 0.851 + .

4

2.553).

Minimum values, - 5 , occur when
,

3f - 2.553 =-g + 2ny, t » 1.898 + 2331

7n
(c) A =

1 1
= , sin a = - , cos a = , a =

5t.
Hence, -sink-1 + cos* = If'cosT-

2

2y
The period = 17 = 4g. .Maximum values, if, occur when

2'

t
7.; - = 0

71(
2ny, t = +

2
`

Minimum values, - 2 occur when

t 3n L
- = g 2ny, t = 27 + grig.

,

9

ti
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A COS (SA a) + B cos (cut - p)

= A cos cut cos cX + A sin cut sin a + B cosQcut cos,* + P` sin cut sin (3

= (A cos a + B cos f3) cos cut + (A sin a + B sin (3) sin, cut

= C cos (wt - y) when

C = 'AA sin a + P sin p)0 cos a + B cos p) )

.sin y -
A sin a + B sin p

, and cos
A cos a + E cos' (3

C- C

Since A, a, and (3 are real numbers', it follows that C is

Et real number, and it is easy to show that

0 < 81212 r < 1, Q < cos? y < 1, sing y + cos-
2 r = 1,

and therefoie y is ,& real number,

9. Given y = B cos (pb. -

g We may assume that 0 < (3 <

1. If 1.1 and B are positive, we sqt, µ = cu,E = A, (3 = a ;

2. If u., is positive and B negative, set µ = cu, P =

Then,y Ar.-cos (cut - p),) = A cos (Nnt 7 f3 +

.If 0 < (3 rc, take a = 13 + n.

n<p<2n, take a = p n..

If 1.1 is negative, set u

, Thep = 13 cos (-cut 7 fi) = B cos (c,ut t 13)

= B cos Lot. - (2n

= B (los '(ult p').

-Proceed as in 1 and.2..

4 0

%

O,,

I

.0
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Solutions Exercises EL

1. (a) m(21) n(y)

M = 1; n = 2; a nd period is 2y

(b) m(4x) = n(61)

".% m = 3; n = 2; and period is 12x

) m(4) =,u(2)

m = 1; n = 2; and period is 4
44

(d) .m(b) = n()

4x
m = 8; n = 1; ani4period is T

(e) 1 - 2 sing x + 2 sin COS 2

In( = n(2i)

I

2 2
cos 2x + sln x

m = 2; . n = 1 canal period =.2x
, _

m(n) .n(i) ."

m = 1; n = 2; and period = 2y

(g) M(21) = n(2y)

ui = 14 n = and period = 27(

- ,CP

of'

20 ---04
117okT7c

.

° (11) period, of sin --- is II ; period or, Isin 22ii is
3nx

2 3 2 3

1 1 ' 1
Period of cos 41(x. (is r; . period of 'cos

`

41(xl is

. m() =n(')
3

= 3; n = 8; and period is

I



.2. The function 2 sin x has period 2v and amplitude 2 while. sin 2x

has period' v and amplitude 1,

=,2 sin x +'sin 2x

-1

-2

y21 = 2 sin x

/
n

\\..

-3

= sign 2x

r4

WM= EN
MEWMOMMEIVAMMEMEMMMME
MEMOMMEMOIMBEIMEMEME

'IMINMEN MI

NW, =MUM
MENAMMEMNIMMIM
MIUMMUMSECAOMM

MECO= IRM
IN

M
IMMEMEMMEMEMMMX

=MERE AIMEMERMIV
AMFAMESUMNIMMOME
ma.....ma
SW NOMMOOMSMOOMM =rn
MMEOMPULEME
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2n 2n'

, a ,

5 -"

V

(b) The cosine terms; also the terms B
n

sin nx, n even.

(in our case, a = 21c.) The function being Apre ented has

the property that f{;x) = -f(x) [odd-fianation). This property

holds for sin nx but not co A nx. Moreover, f(x) has the

property that, f(o - x) = f(x). This property does not hold

for sin 2kx, k 'integral, since sirr2k(x - x), = -sip 2k24

It does hold for sin(2k + 1)x.



( ,f(x5 = x - (x)

(i) Y 7 (X)

1 1
4

'

The
1

;maximum value is the minimum, 0:
2

Irr-the interval (0,1) we have

x 0" x < 1

(x) =

1 - x < < 1

Since (x + 1) = (x) for all x, we have a periodic

functi of x Whose period is 1, ,

y,-*(2x)

l'eriod: '1

Period: 1

1

1
max:

2

min: 0

149
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speritt:

max:

min: 0
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f(x) = [sin ax]

0

(b)

( c)

1

1
2

2

0-.

.$0

f(x) = [cos yx)

S

-2-

,

2
1

.
1

2

D Ommm

1

2

f(x) = [2x] - 2[x] .

.12,4

1

. The function 1s peiiodic since

f(x + r) =

2
2 '\ ,

for any rational number r. The function has nb fundamental period;
__ .... - ...

however, because there is no smallest positive rational number r. See

Appendix Al -l. , ei
--..
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ti

teacher's Commentary,

Chapter 4_

DERIVATIVES OF CIRCULAR' FUNCTIONS

Following the, initial general type of argument used in.Chapter 2 one can

show that near the origizObe graph of y = sin x lies in the wedge between

the'line given by y = x and y = (1 - e)x for any positive e, however

.small; hence the line tangent at the origin to the graph of y = sin 5c is

given by y = x. We begin the chapter with a similar argument showing that

. the line tangent at (0,1) to the aph of y = cos x is pe horizontal line'

given by y = 1. We use the specific results, together frith the'definition of

derivative (as the limit of a difference quotient) and addition formula (6)

of Section 3-5 to show that D(sin x) = cos x in Section 4-2.

We could have generalized, the methods ofSection 4-1 to an arbitrary

point' (a,f(a)) of the graph by expressing sin x and cos x in terms of

x -,a.'.,This,would also hate led to the result D sin x = cos x.

The addition formulas of Section 3-5 provide us with a device for finding

tangent44 to the graphs of the circular functions.at arbitrary points. Con-

sider first the sine functibn and the prbblem of finding the tangent to its

graph at the point (a, sin a). Since

= a (x - a),

we can write

sin x = sin fg + (x a) ].

Usirig addition formula (6) we get

-* '

(1) sin.x = in a cos (x - + cos a sin (x - a).'

If x is close to a, then x - a is small. Thus we can replace

cos (x - a) and sin (x - a) in (1) by their best linear approximations,

(using (1) and (7) of the iast.section). We have cos(x 4 a) 1 and

sin '(x - a) t x = a. Therefore, for x near ,,,s; we can write

sin'x m (sin a)(1) + (cos a)(x - a) -

$! .

as the best linear approximation. The equation of the 'tangent line at the "4-'

point (a , sin a) is '

(2) y = sin x + (cos a)(x - a).
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For example, if 'a = then

sin a cos a
2

and the:tangent to the graph of y = sin x , sin i) has the equation

'044- .

.12-
y = + 2kx 77'

Similarly-, the tangent at a = has the equation

y = sin 1-;-'+ (cos -i)(x - 721)

= 1 + 0(x - )
2

=1;

that is, the tangent is horizontal at the point ''''(2 ,1).

"4"

Let us consider another point. The tangent at (214 hashas the equatiOn

I

y = sin 2--,..+ (cos n(x -

f
2 2

y = . the tangent a...t

1/2 124
Y.= --gkx - T./

1 4 IT
Y 26.)

12.
the tangent a,t

the tangent at (Pg.(
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All of our illustrative equations for tangelLts4t e graph of

at,-+Kr, yl) are in the following form

= sin x

_where in is the sl et,,The slOpe of the tangent at (a ,sin a) is cos a.

Consideringithe'tosine function at the point (a ,cos a) and using a

stmilar7fiiproach, we get

pips x = cos [a + (x----=a)]

= cos a cos (x - a) - sin a sin (x*- a).

Replacing cos (x -tea) and sin (x - a) by their beet linear approximations

and x - a respectively, we,get for the equation of the tangent line_at

.(a) cos a).

'.y = cos a %(sin a)(x - a).

Thus, theilope of the tangent to thegraph of the cosine function at

(a , cos a) is -sin a.

.Throughout OUT discussion we obtain the graphs of functions by plotting

points and connecting them with,a smooth curve. This gives us a rough pic-

tureinf the function but may leave unanl!tered for some Missouri students the

question of whether,thisjorocess.ii legitimate. How do we know that.the

graph between two points is really as smooth as we picture it to be? We

could continue o plot points even clos'er together to get a more refined

picture of the be vior of he function, but the tedious process would be

less than satisfactory. Without interrupting the continuity of the text (and

the thought proCess for most students) we discuss here the shape of the graph

of y = sin x, using our definition in terms of the unit.cArele and know-

ledge of the derivative to further( justify the graphs we plotted in Section

3-3. But even ttiediscussipn Is incomplete (e.g., we base our arguments on

the intuitive geometrical ideas about arc length which we used to define'the

'circular functioni).
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(

"rterr are fivejossib litieS for the graph of y =Ysin

x
points .(gt, sin v and B( N,sin N).

(i) (ii)

Oscillation a gap a corner convex concave

,. .

Here we give simple tentative, arguments to show that none of the first

four pictures shown can be correct.

x between the V:

(iii) (iv) (v)

We can rule out the possibility of oscillation if we can show that the

/sine fOnctitn is increasing between 0 and 1.-T. We need to,show that
2

. n
,

if 0 < a < b <
'

then sin a < sin b.
.....--

This statement ds a simple consequence of the definition of sin x as the'

coordinate of a point, which is/ x units around the unit circle from (1,0).

y
.,,

Since we are interested in the interval k x < ,v , ,we can restrict our

,

.
attention to the first quadrant of the unit circle. If a and b are

between 0 and A, then P(cos a 'sin a) and ,Q(cod b ;sin b) must lie in.

F. .
the first quadrant. Furthermore', if a <.413-; .then 'Q is ant:ST,. which

means that sin a < sin b. /

41.
.1
4
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.

The fact that the/ sine function increases between 0 and lIzr- eliminates

the possibility thht the graph of y. =I sin x . can oscillate betweed

It
0 < g <1x < r < . Thus we rule out Figure (i).

e

To show that'Figurs (ii) cannot be the graph of y = sin x over the
-

interval < x < we can show that the graph of the sine function hhs no

"gaps." (A complete proof of this makes use of the fact that the real number

line pas no "gaps" and will be given in AppendiX 7.) Here we use an intuitive

geometric argument about arc length to rule out (ii). We can show that every

horizontal line between y = -1 and y = 1 meets the graph of. y =Alin x.

If that is true then the graph has no "oles." More precisely we shall show,

that *. 4

if xl < x2 and sin x
1

< a < sin x2 then there is.

(3)'

, a a number a, where _xi, < a < )c2 such. that sin a a.

4

This adeunts to showing that the graph cannot have a "hole" between
044'

(Xi , sin x,) and (x2 , sin x2).
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(x
l'

sin x )

(x2, sin x2)

y = a

c

xi a X2
A.

1

There must, be an a,-"a5c1,< a < x2, such that .P(a, sin a)

lies 0n the graph of y = sin x and on the line y = ttr

x

To establish (3), we again make use of the unit-'circle defibition of the

sine function.,. We draw arcs of lengthp xl and jx2_ units and t1.4 points

pi(cos xl , sin xl) and P2(cos x2 , sin x2). Horizontal lines through these

points intersect the v-axis in the points R.(0, sin x
1
) and R2(0 , sin x2).

(

R2(O4in x2

T(O,a

Rj(O,sin x

0

P
2

(cos x2, sir) x
2
).

Q ,(cos a, in a)

r v
(cos xl, sin x2)

V

The hypotheses of (3) tell us that sin xi < a < sin x
2

T(0,a) Iiies between Ri and Ro.

dr
4156
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The horizontal ling through T meets the unitIrcle in the point Q

which lieiNetween P1 and ,P2. point Q is a .arc 'units from (1,0)
1

swthat Q,& ham coordinates '(cos et, sin 0) .0,Now we see that xi CHU.< x2.

Since line--TQ is rizodtml, we must have ',sin a = a. Having established',

(3), w,e eliminate Figure (t) as a-'possIbility.

'Nov we alio; that the graph has no "pOrners"; i.e., that Figure (iii) cans0

to' .be a'portion Of the ,sine curve. If'a graph has a corner point the set of

-fstope approximations on the riat and thdse to the left are'not approximations

to the same number; whence there can' be no`I*st linear approximation, to a graph

at a corner point.-
yw

od

42
Ask

Whig a precise proof of this would lead we note that the Une

4*rt4W1 appro)imates the curve to the right of P, PQ2 4proximates'

the curve to the left of P; .but.these is no'line which "best fits" thd-curve

at P on both-sides of I. Sificewe know that at each point,of the sine
, .

curve. there is a line oP "best fit," the sine cdrve can have no "corners.6.
r

P
To complete.ourldiscussion we must eliminate Figure (ivyand show that

(v) iti)the best picture. We can show that between 0 and st, ." the .graph of
.

y = sinx must be concave; that is, the curve lies below the tangent line at

any point In this interval. Suppose that

10 < a < b <a.
co

We,need. to show that the Point C liep above point B.

$

V
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.

.,*

From (2) we know that the tangent line at A, has the equation

y = sin a + (cos a)(x - a).

Since C his abscissa b and lies on this tangent line, the ordinate of ,C

must 'be

sin a + (cos a)(b - a).

), Since B4_, is a point of the graph'of y.sin x the second ordinate of B

is 5sin b. To showtthat B lies below C we need to show that

'sin b.< sine -1-'(cos a)(b -
40-t'

This amounts to establishing that -7- ,

(5)
sin b -,gin a < (b - a) cos a.

prove inequality (5) we write b and a 'as

b - and e(b + a) + (b - a) (1),A= a) - (b - a)

. 2 2

, . ,

Now we-'qse addition formula (6) g Section 3-5 to obtain,

t :
. /

sin b = sin
(b * ii) + (b -.a) ,b +a. ,b + a.

sin (--fir) cos 0-::2) + cos k----1 sin
2 2

and -.1.

4 sin a = sin
(b

,

+ a) - (b - a)
12i21) cos t 2b +al sin

2
sin (42) (

.
` 1

A

. Subtracting :sin'a from sin b, we get

I +
sip b - sin a = 2 'cos (b'7- a---X sin (b

a-7-). ,-A

(bia)

-a

Since we.have.assumed (4) thdt b >.a, and we know (from (8) of Section 4-1)
4
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4

that, sin x < x for',x 0, wa, can write
, . r-,..

1 . b :4a%

(7) :f..:
.

2 sin(-7F-) <.b - a.

,

Again.using (4) the fact that a < b, - 1.1e have

1.4

b + a ..

a < -T.-- < b .
.

.11 , 'I.

In aomanner stiller to that usedp establish that sin a < sin b, we could

show that
*
the nosine function decreases on thd interval 0 < x <v. Using

this fact, we cap,mrite

. A b + a
(8) - ci6s -7-- < cos a.

From (6) we have

b at . .b

2

+ at
9in b'- sin a = 2 sin k -77-1 cos (-----.

Nowusifig (7)and (8) lit cap write

sin'b - sin a < (b - a) cos a.

Thus, we have*shoWn that if 0 < a:< b <.v ,cthen

sin b - sin a < (b - a) cos a.

A similar argument establishes the same inequality for 0,< b < a < it and

completes the proof that the graph of the sine function is concave on the

interval 0 < x < v.

A student may wonder (in SeoptiOn 4-2) why we appeal to a geometric dis-

cussion to evaluate , lim . In.Chapter 3 we employed a diagram to

h -40..
define-circular functions and to obtain the basic relationships of trigonometry.i
The student might expects that we are now in a position to,evaluate this limit

by formal. computation from the relationships of Chapter 3 with no further

appeal to intuitive geometric discussion. The reason this cannot be done is

that the trigonometric identities of Chapter 3 have the same form, no matter

' what unit is7used cpr angle measure. The crucial inequality

cos x <
sin x

< 1
x

Iss

;

is the first place where angle measure appears both as an argument of a tri-*

gonometric function and independently. Thus the inequality depends on the

unit of msaTune; it holds appCifically for radian measure and does net hold

for any other measure such as, degree measure'.
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Recall that there are three nOsely related, though distinct, kinds of

functions passing wider the same name. 'First, there are the

functions of. geometrical objects, namely, the angles introduced

hen, when we introduce an angle measure, the functions are

a real variable. The real functions depend upon the measure of

Thus, the numerical funCtions obtained by measuring angles in

trigonometric

trigonometric

in geometry.

functions of

the angles.

ddegrees (a relic of the Babylonian texagesithal numeration). are not the same

as the ftinctions obtainbd by measuring the ang14 in radians. Since an angle

measured by x degrees is measured by Io. x radians, a trigonometric func-

tion, say the sine function, defined in terms of degree measure is related to

the corresponding-trigonometric function defined in terms of radian measure by

sin° x = sin

The choice to fhclude or to omit the foregoing Teachers Commentary material

in the Studeht's Text reflects a dilemma well known to teachers and writers.

- ,

On nearly every page of this text, we have found, it necessary to choOse

between logical mathematical development and that we believe to be pedagogi-
c

eally sound exposition. -Seldom is it possible to_catch both rabbits, but we

-chase them.. We try to be honest; e.g., to distinguish between a proof (in a

formal mathematical sense), and an heuristic geometricia argument or plausi-'

biliiy test.

We attempt to nurture a student's intuition while cultivating an inquir-

ing,attitude. If we err on the side of handwaving at this stage in the text,

we try in the appendices and Teacher's Commentary to indicate how logical

gaps can be filled, should penetrating questions be raised by a Missouri stu-

dent. As for students from other states, we try not to distract'them: we

avoid raising issues that would otherwise never occur to them. at their present

level of maturity. (We believe, for example, that to worry,too early about
sy

the continuity 'of functions is to obstruct the contiguity of the thought

process.) We will raise a question that.,Might not Occur'to '.11e student if

-that quedtion seems germane to the central ideas under consideration. But

in general we adhere to the adage that before one begins to split hairs he

must grow some.

1.6o
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t ,

Furthermore, weary to resist the temptation to tell a .etudent all we

know about a topic (no matter how shoit a time that might take). We

sympathize with the studept who began A book report with the, following

statements: "I have just read a book about penguins. The book tells'more

about penguins than anyone would ever care to know.",

a

Solutions Exercises 4-1

1. '(a) equation: g = 1

(b) slope: m = 0

(c) By definition of derivative, the limit is the slope of the tangent

to the graph of y = cos x at. (0,1)i m = 0.

2. (a) equation: y = x

(b) slope: m = 1

(c) By definition of derivative, the limit is the slope of the tangent

to the graph of y,= sin x at (0,0); m =,1.

cos h - 1

h h CY'

sin h

h -5 h

4. (a)

0

m(PQ)

-(0,1)

cos X - 1

m(PQ)

cos x
i

- 1

Eqn. line ,PQi

y = 1 - mx

x

(xi , cos xi)
x
i

Qi (.5, .817758) -.245 y = 1 .245x

Q2 : (.4, .92106) -.197 4,,= 1 .197 x-

Q3 (.3, .95534) -.149 y = 1 7 .149x

Q4 :

(:2, .98007)' -.097 y= 1 - .6:397'x

Q
5 :

(.f, .99500) -,o5 y 1 - .05x

126 (.01, .99995) 1
-.005 .y = 1 - .005x

A 4



Qi

(xi , sin xi)

M(PN )

sin x

(.5? .47943)

''( .4, .36942)

i t

'Q3 : k(3, .29552)

Q'i ( .2, .19867)

Q5 (.1, 09983)

(.01,- .01000)

6. (a) x cos x < sin x

sin x

(b)

.9589

9736

. 9851

.9934

.9983

1.0000-

(lo)
< x (8)

.
x cos x < sin x < x

(i)
x2

1- cos x: <
2

N

1 - COB X XX > D, .. <
. x, 2

2
(Ai) ,1 - cos x < i

x < 0
. 1 - cos x >

n -
, .. x 2

(iii) Combining (i) and (ii)

x 10,11 - cos xi

(4)

(4)

x2
(c) 1 - cos x <

2
'(4)

x2:. cos x >1 - 2

x3
X > 0, x cos x > x -

2

But sin x > x cos x (10)

1 x3sinx>x- ; o < x < A

162

170

ti

Eqn. line Bcii

y = mx

y = .9589 x

y = .9736 x

y ^ .98507 x

y = .9934 x

y = 9983 x
vet

y = 1.0000 x



(d) x cos x < sin x < x
. .- -

U
_. Sill X ,

rN

X 7 , COS X '----- < i
X

14 1
.

,( Si X
:.. ::' 'cos x > --sib

x

sin x .-

.:-1 ..,--e, x > -
' x

>0

x < 0, cos (-x) =-cos x;
sin (-x) ' sin x

(-x) x

0
sin x

< 1 xl 1 - < 1 - cos x

We -lire given that

h2
(1) -0 < 1 - cps h <

(2) h cos h < sin h < h, for . 0 < h < ,

From (1)/we get

h
2

1 - < cos h < 1./
2

We. substitute this into (2) to obtain

EX. 6(0 -

h(1 -
2 2< sin h < h, for 0 < h '< - .

Dividing by h,, we get

h
2

sin h
2 <

h
< 1, for 0 < h <

2
- .

'VI

If we replace h by -h our terms are unaffected since

(-h)2 = h2 and
sin (5h) -sin h =

sin h
(-h -h h

Consequently, we can write

h
h

2
sir h< < 1, for 0.<

2
< --

2

-0,

8. A similar argument to the solution of Number- 7, using (1) of Number 7,

coh 1 -- s h h
'

2

0 < 1.- cos h < -§- , we have, for h > 0, 0 < and,
. h 2

1 - cos h rir . -
for . h c 0, 0>

h
> TiPrefore,.

s hi
I_
1 : co < , for h / O.
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h
2

If .)r 0.01 then . = 0.00005. Fr*. Number '7 we have

sin (0.01) h.
1..0.99995 < 0.01 ,

Fsran. Number 8, we get.

Letiing
,

lip get

-0.005 <
- cos (0.01) < 0.005.

0.01

h
2

h = -0.b01, we have = 0.0000005, so that from Number 7

sin (-001)
0.9999995,<

4
< 1;

.0.001

and 4rom Number 8 we obtain

-0.0005 <
1 - cos (-0.001< 0.0005.

-0.001

10. (a) The inequality (result of No: 7)

2
sin h

2
for 0 < Ihl < /21

a

tetis its that the ratio s
h
2

.in h
is squeezed between 1 - --2- and 1.

2

If Ihl - is small the quantity 1 2
is very close to 1. We

;

can'say that
`n.

sin h
lim =

h --,0

Similarly, the inequality (result of No. 8)

tells us that

1

1

1 - oos hi JAL . ,

1 h < , for h #0,0,

lim
1 - c

h
os- h

- 0.

1-1 0
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1. (a)

Solutions Exercises 4-2

;Using addition formula (4) of Section 3,15; we have

cos (x + h) - cos x 'cos x cos h sin
h

x7sin h - cos x
h

cos h -
) sin x (sin h)= cos X k

lim
cos (x

=
h 0,

= lim [cos x
h 0

+
h

cos h - 1 sin hi- sin x

= cos x (0) - sin -x (1) . f

Y /

= -sin x.

2: (a) sin (x - sin X = sin (a + f?,)'-r: sin (cx - t37

-= 2 cos a sin 13

a+p=x+ h 2a =2x +h 213 = h

a- = x cc = x+

sin (x + h) sin x = 2 cos, (x + IP sin Op

sin (X + h) - sin x
(b) D(sin x) = lim

h -40

= lim cos- (x + 122) sin (ii)
h. "4 0

.. h
h 5-tn--( 7)

= lira cos (x + 4
ift ILI -*ay., ii--4-,0---

I ..... `2'.

3. (a)

J

--..COS X

cos, (x + -

ti

COS x = cos (a + f3) -cos 0)

=.-2 sin a sin

= -2 sin (x + ) sin
2

165
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p eos = 1im
cos x + h) - cos x' .

h
h 0

lim (

-40
(x

(a) 9995 <

+ sin Op]

- [ lim sin (x + 2)
h 0

= -sin x

sin (.01)

.01

069995 5 sin (.01) < .01

(b)"-.0005 c1 cos (-.001)
< .0005

(-.001)

.0006005 > 1 - cos (-.001) > -.0000605

-.9999995 > -cos (-.001) > -1.0000005

.9999995,< cos (-.001) <4.0000005

(a) h
2

sin h

.:,
7" < h < 1

0 < Ihl<1
2

(i) Let h = .1:

.01 sin .1
1 - -E- < < 1

sin (.1)
1;

si(n (i
1,17.005 < < 1, i.e.,

0995 < sinX(.1) < .1 sin (.1)

(ii) Let h = .01:

.0061
<

sin (.01Y .<1-
2 -(.01)

1 - .00005 <
sin (.01)

<
_ sin G01)

1
(.01) (.01)

«

.0099995.< sin'.01 < .01 :. rn (.01) .01

(iii) Let h = .001:

.000001 sin (.001)
1 < 1

2 < (.001)

sin (.001) sin (.001)
1 - .0000005 < -(.0011 < 1;

' el

.000999999;e< sin (.001) < .001 sin (.001) .1: .001

166
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le; - .0001:

} 4

0

t

.(0 1)(i 'bC*6.3661)'
v
<

' :
sin-(.0001) < 1(.0001)

1 ,

, 1 ,)

.0000999999995 <41,11 (.0001 < .0001;.,)4.,
, - - 'sin, (.0b01)

. i.e., 21 3,---2- G0001)

sin .i)001) x':0001

.01
1 - < cos .1 < 1

2

1 - .005 < cos .1 < 1

.- .995 < cos .1 < 1 COS (.1) > .99

.0001
< cos .01 <1

2

1 - .00005 < cos -401 < 1
I

.99995 < cos .01 < 1 0 cos (.01) > 49999

(iii) h = .001':

1 -
.000001.

< cos .001 < 1
2

1 - .0000005 < coe..001 <

,.9999995 < cos-001 < 1

ft

e

COS ( *091) > .999999

(iv) h = .0001:

.999999999 < cos .0001 < 1 cos (-.0001) > .99999999

ti
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.,

.--4

6: (a)
- cos

h
hi Ili2

, h / 0

13

( .1.) J ill =11 IL -
COS (.1)I illi

, .
1 I 2 7 .05

,(ii) 1h1 = .01 11
- cos

01(.01) 1

l'211
= '005

cos (.001)1 1.0011
_ .0005(iii) Ihl = .'001 11

. 001 1 2

cos (.0001)1 1.00011
(iv) ihl = .0001 11

.0001 1 2

(b) 1 - b
2

sin

h

h 0 < 1h1 < i
2

. Similar the solution of Number 5(a)' I

in (.1) i

(I) --., Let "1111 = .1: 995.<
s

< 1

!

(.
(ii) Let 111( = .01: *999n.<

sin 01)

.or < 1
.

(iii) Let 1h1 = .001: 9999995 <
sin

.00(1

001)
< 1

4 .v sin (.0001)
P' (iv) Let lid = .0001: '999999995 < (.0001) < 3°

.
;

tw4

7. (a) lim sin °3x

2x
x 0

h
2

sin h
1 - 2 < <

(3x)2 sin 3x

. 2 3x1

Multiplying by 2.? we get

,

3 3 ox2 ) sin 3x <3
2 2 2 2x . jf
3 27 2 "sin '3x

1 x < 2x < 2

. -
I
0

sin 3x
2

-
3 7 2

x7
is "squeezed" between x and

2 2

Since
3 *27

x ,
2°

,2
is close to when

-2'
x is small,

,

we-

n

x
3x

cilui
si

2
Conclude-that the limit of as x gbes to

zero is .

2 A
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0

(sin 3x)
I

lint' .-.(b) tither Let 3x = h

x -a0 2X h
.

h -
lint ( 134/2

.. x=

5 -i 3,
h

, . h
3

lint (sin 111 3
\2/' h i 2

-)40

or without substitution

'lint
x -) 0

s%i, 3x = (1)(sin 3x) 3
'.

3

)cx -) 0 (3)3x x -) 0 2 .1 2

lint sin -x lint (1)
,.sin xl 1 1 = 1

. x -) 0 x -) 03x
3,\ k /

3 3

1' 3

4 zl

s
As x 0 - 0 and h 0.

3
0.,

sin
2
x sin 3C

lint lint <(4sin x)(
sin b C

x-40 x x=40 x

(c) lint tan x

X 0

(in x)( 1 )

-) 0 x
cos x

(d) lint
h

= lint
sin h sin h .

h -, 0 h --) 0V h

1

x 0 x 0

sin 7x loin 3x I

sin 3x 3` 7x )(sin 3x'
-)

cos 7x(f) - 1.
x -)0 cos 3x

(g)

1 1 = 1

7
3

1
3

lint
1 cos 0 1 cos 0 sin

2
e

e o e
2 1 + cos

(T.-) 92(1 + cos ,e)

sin 012C 1 ....

0 "1 + cos 01lint
0 0

4

,
=

1 ,

2 2

IP

1

,

.

\2.



ti

. 0
. ..

,tan '3(..., .

,

;4.

r/
,P 16*

e .4.0
x). Lim (2111:5. t .1.

ly -r 0_ cos 2x sin k) ...

il/ i i

\... r - s..-., ?.. .i
-.4

r
='*11.111 (stn 2x) ( x

)( )(2)
s '2); :As n x72

e -4 o

= 1 1 1 2= 2
J ' r4,.

- lim
sin 2t

t ;4 '0 (t-I- t)

.0

(sin 2t 1
=

2t i`t, 2(
t - 0

2

.( 0 um
t => 0

(sin 2t

21?, t,)

=,1 2 = 2

01%

(I) lira e cot 2e = lim 2e cos 2e

e .40 e =.-4oe-) 2 1

(k)
- - e
co tiv e-) Let cos e = sin (S.

0 -.4
g

.2.

- 0)

lim

- o e

( e - 11\ o (e\

lim

lim
Pin a% o

-

a -) 0 -
.

(.8) um sib 5x sin 5x

x -s 0

(sin 5x sin 3x)

x
rx .4 0 x

.10lid [5( sitL2-cl -4( sin 3x) 1 C. 5 1 -
-+ 0 5x 1, .3x

170

173

slin(-x) sin. x

(-x)

Let a = e -rt
2

3 2

k

e).



.0"

I X -4 sin x, thep, by definition,

lid

4tft4
4ifoit sin x

-

-

a
- f' (a) = cos a.

x
x-)a

(b) -Using part (a) we have

life = lim
i.s n x sin x - sin .0

x x - 0
xt -) --)0 x 0

, -

= cos 0

= l -,

f(x) = sin x ft (x) = co_Sis-..- :.-..i

(a) .(i) Slope of sin x at x = i*: fi(i) = t
It /icA Ir§

(ii) Slope of sin x' at x = 3 : ft %1 =-' --f

(iii) Slope of sin x at x = it- : f' (4) = :

...,(iy,) Slope of sin x at :6 = It : f' (n) = -1.

(v) Slope of sin x at x = 31.: VOL')
2 2

(vi) Slope of S:in.x at" x = 0 : KO) = 1 .

(b) Point P(x.ifyi)
;

1

"
.

xl
= f(ii) f-I(Xi) Eqn of line tangent

, ,.

,
to y = sin.x at x = xi

/5 1 13 1 , rt ' y=ix+;-7.1(
(i) 2 ---2-r. = + --kx ---)

2 2 3
or

1 13- . 13., /r% ,q- 6 - if ;rf

.

,(ii)
2 2 = I. --nx :V-. 91' Y Tx 4. 1-2-

- (iii) Ill = -27- -2--- (x - 31t) or y = --Lx + 2 4:-3C1 1

g if
12- ig 2 lig ' 2/2-4

(iv) It 0 -1 y =0 - 1(x =X) or y = -x + it

(v) 2..c
2

-1 0' Y = -i + 0(x -17--t
,,

or y = -1 .

,
.1

(vi) 0 0 17 1(ic - or 'y =x
A

.



'`f(x)'2: boa x fl(x) = -sin x

. (EI) (1.): Slope of ,cos x at x.= i : ft (i) = 22:

(ii) Slope of cos x at .X 2A= : ft011)

,

3 3 2Li.

(iii)' Slope of cos x at x =
: V
ft(- A) -1

(iv) - Slope of cos x at x = 0: fe(0) = 0

(ii

'(iv

...:

r(21) I ) Eqn. of tangent 'line.
.

Tr V3 1. 1./ tr%
22 +

6/3- + tr
g. 2 2

-k)c - 3) or y r..; 7 x
12

\ L0A ri i. fri. 27(N l-3 -3 + 27c1r3-)

3 2
= - g - .x)c --a-) or y = - -g x+ -6

lig , ,ig -Ig rg . lf 1412'

.
) 0 ' 0 y = 1 + 0(x 0) or y = 1

. (a) f = sin; f' = cos
- If' tangent is horizontal, f' = 0.

cos x = 0, and x = + nit, n integer.

(b) f = cos;° f' = -sin
If tangent- is horizontal, ft = 0.

=sin x = 0, and x = rut, n integer.
J.

-13. ) f = sin; f' = cos'
If tangent is parallel to tine y = x, f' =-1

cos x = 1, and x=- 2n:rt, n integer.
3

(b) . f = cos;. f' =, -sin
If, tangent is parallel to line 'y = x, f' = 1

3A:. -sin x- = 1, sin x = -1, and x = -§ + 2no, n integer.

.(a) f = sin; f' :cos
cos x = -1, and x = n + 2tut, n' integer.

= cos; f' = -sin
"

,i
-sin x = sin.x.= 1, abd xs= :g + 2nrt, n f integer.

-.

172'
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0

6 sin; = cos

`cos x =
1

and x
7r

+ 27r n , + 27rn, n integer.

f = cos; f' = -sin
1 1 11.7t

-sin x = ,
, sin x = -2 , and x = -- + 2n7r, 2n7r,

integer.

(a) ft(600g)= cos arm = cos 0 = 1

ft(-200n - = cos (- = cos = 4
ft607r ..).= cos (- 41-) = cos Pi- = - -1-

Yrg

(b) gs(6004.= -sin (6000 = -sin 0 = 0

g' (-200A_- = = sin =

gt(607r - = -sin (- = sin 2ir- -
11.5.

,

17. (;) f x -* sin x
f' : x -*cos x, h x -*cos x

. .

ht : x -t -sin -x

-18,

(b)

111 =

f : x -4sin x

x cos qi

Ifht: x -) cos x

'10: x -sin x,

O

V

fi

,
4rarrc

g : x -4 cos x
, .

{gt: x -* -sin x
j : x .4-sin x
jt: x -*-cos x"

= j = -sin x and h =
.

f x x

(a) The function is increasing
when f' > 0; e . , f is -a

inc easing for -7t.,< x < 0,
7r < x < 2r.

The function is decreasihg
when f' Z 0; i.e., f is.

decreasing for -27( 5 x <

0 <x <,t.

1 c °

-27t

173.
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The result of 1(a) ,tells us

that cos u is increasing

and decreasing in the follow-

ing intervals for the indicated

'values of U: 4

This means that cos 2x is

increasing and decreasing

in-the same intervals fr.the

indicatecrvalues of 2x:

Then it followsitWcos 2x

is increasing and ecreasing

for the indicated values of

x:

- dec.: -21c < < -7c

incr.: -7( < u < 0

dec.: 0 < u 4 7(
o

incr.: 7c < u < 21c

dec.:` -27c < 2x < -7c-

incr.: 7c < 2x < 0

dec.: 0 < 2x < 7c

incr:: 7c < 2x < 47(

dec.:

incr.:

dec.:

incr.:

-7( x < -

2
< X < 0

0 < x <
2

< x < 7r

7c.
cos (2x +

-2

From the solution

we know that

and is decreasing

,value of u:

i.e., cos(2x +

Let u =2x +
2

.

0

to Exercise 1(a)

d is increasing

for the indicated

(
reasing

/nd is decreasing for the indtcated
-

4 values of

c

o

dec.: -27c < u < -7(

dec.: 0 < u

incr.: < u < 27c

-27c 2x + 2 < -lc

incr.: -;7( < ?X + < 0

dec..:, 0 < 2x +
-g

<

r. a

182
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cos (2x +
It)

is 'increasing and is

decreasing for the indicated

glues le x + :

dec.: -It < x + < - -§

14'
incr.:,

6 g
- <x < 0

dec.: 0<x+i<721

incr.: < x + <

and cos' (Lx + 72-1) is increasing, r dee.: - 7 < x <5if

3g . g
and'is decreasing for the incr.: - 7 x < - v
indicated values .of x. v

47(

1

dee: -<x< v
it 3g

'incr.; v < x < 7
37( 57(

,dec.: 7 < x < 7

Therefore, for the interval ix( < v, cos (2x + 11) is decreasing
2

for Ix 1 < t and for -Tr- < hc.r < v, and is increasing for .
)4 ..

3v . "t _

..

< !xi.< 7 . , .

sin x,

f : x cos (2Is

2 g

Intervals
,

(0, 2) (2' g) I (, 2a 71)

I I

3x It
-T

; (3i-t , 21)

increasing decreasing increasing

cos x decreasing increasing
. ,

F

x

I
,--

decreasing
v.

< x < v .
2

.. ,.

L
gncreasing:

3 < x < 2n
2



(a) sin 1(-
2

(b) stn z

I

Intervals

/1,5_
. 51( 111.3v 7x. 77(

-47 xiln/ k77/ 2 (T'.-411(7 ' 2'0

increasing decreasing,

increasing decreasing

(c) sin 2x incr. decreasing increasing

nereasing

decreasing incr.

23. (a) f(x) = ax - sin x

f'(x) = a - cos x > O.

i.e., cos x < a a > 1

(b) f(x) = ax + cos x

f'(x) = a- sin x

i.e., sin x < a,

24. (1)
. r

418

>0
.% a > 1

Coordinates: '

P(.4, sin .4) . (.4, .38942)

1)(.5, iln .5) = (.5, .47943)

D'(.5, sin .4 + (.1) cos .4)

Ordinate of- pi ; ordinate of D

sin .4 + (.1)Icos .4 > .47943
9

.38942 + .094.06> .47943 -

-. .48153 > .47943

F(.3-, in .3) = (.3; .29552)

FI(.3, sin .4,-+ (-.)cos .41, I

Ordinate of, Ft .> ordinate of F

sin .4 + (-.1) cos .4 .29552

.38942 - .092106 > .29552

.29731 >".29552

At x = -.3 and x = .5

:.. The curve lies below the tangent

to the curve at P(.4, sin .4)

,decreasing

< x <
2 ;

increasing

0 < x <

P

F

.".3 .4

Tan. line:

y = sin .4 + 'cos .4(

y.=2,.3,942 - .92106

rt'

176 ,

1.84

.4) ,
(X - 4)

1/4

-Nlimarinommorrirm=6



1.

(b) 'Q[-.4, sin (-.41

(-:4, -sin,.4)

(-.4, -.38942)

R(-.3, sin(-:3))

( -.3, -sin ,3)

(-.3, .-.29552)

Re[ -.3, -sin .4.4- (.1) cos .4]

4.

abs. value of ordinate-of

RI > abs. value of ordinate of R

.I-sin .4 +..(111' cos .41'> 1-.295521

1 -9 + .0921061 > 1-.29 21

abs. value of or of S' > abs. value of.ordinate of S

11 - sin .4 + (-.1) cos .11 > 1-.479431

1-.92196 -`d10921061 > 1-.479431

.% at x = -.3 and x-..= the

curve lies above the tangent to

the curve at C/(-.4, sin (-.4).)

,.. tan line>-% l
.

-%;,

y = sin(-i9!A coa(1..4 (x + . 4) !

_' sin, .4 4- cos 114(x + .4) 1

.38942 + .921'06(x +. ,4);-

4

0

ii



, "
In the linear substitution iscussion of Section 4-3 we develop s specific

instance,Of.the "chain rule" we need it to study a particular function.

This is.typicsl of our approach and reflects our concurrence with the following

statements fromthe C.E.EIB. Ca cuius AB Syllabus:

"This .course is intended for students J o have a_ thorough

knowledge of college preparatory Mathematics... It does

not assume that they have acquired sound understanding of

the theory of elementary functions', The.developMent of this

understanding has first priority.

.":1N 4pUrse in elementaW-Tunctionsaand introductory calculus

can be arranged in many ways In this version the spe-

cial functions are first studied in some detail with the

-aid of the calculus, which is introduced' intuitively, and

later [Chapter 8] the general techniques'of calculus are

developed and aa:11146,to a wide class of functions."

Ad an alternative.to the difference
quotient approaCh used in Section 4-

(but still, quite within the spirit of the foregoing paragraply), we could hall

obtained Dtk sin (ax + by the following meilod. Writing ,x as

c + (x - c), we substitute to get
/

k sin (ax +b) = k sin [a(c + (x - c)) + b]

00
= k sin ['(ac + + a(x - c)].

Using addition formula (6) of Section 3-5, we get k sin [(ac + b) + a(x

= k sin (ac. + b) cos a(x c) + k cos (ac + b) sin a(x .- c). Then we argue

that if x is so close to c that .1a( - c)1 is small, we can replace

cos a(x.- 01 and sin a(x - c) by their best linear approximations:

cos a(x,- c) by one and sin a(x - c) by a(x c). As x approaches c,

k sin (ac b) cos,a(x - c) k cos (ac + b) sin,a(x - i),

spfxbaches

[k sin (ac + b)] '(1) + [k ros (ac.+ b)] (a(x c)). '

jj,

....

/ I

equation of the t gent to the grapes of. y = k sin°(ax + b) at t e, -point

w e x =(a is y = sin (ac + b) :f.
[ka cos (ac + b ](x c): The slope,

htangent to the graph .,of i

7..

f 1 x -.4k sin (ax +10
.. )

is given by

cosf' (c) = ka. s (ac + b) .'

at the'point
,

(c,f(c))

I-
P 7
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-e. 3

. a

. Solutions Exercises f

1. (a) 3 cos (3x -i) (a) i cos (i - 3)

1
(b),, sin qc- + IL) (e) -& cos (-x + it-)

,

(c) cos (3 - x) (f) -2x sin (a -.2x)

or 21t sin 2x

2. (a)" (1) f(X) = cos (-k

ft(x) = sin (-x) +

f'(- Ikr) =sin (+ +

P(x) = (yx -

Pi(x) = 162 ''cos (2xi-

0(3-724 = -2 cos (3 - = -2 cos

Lt) = (2) = -1
3 2

(iii) f(x) = 3 cos (i. + 2x)
../A4-

4 - Pi (x) = -6 sin, Ci + 2x

al (2) = -6 sin`(. + n) = -6 sin Pi- = -§-

(iv) f(x) = 221 (-3tr

fqx) =0 --..34; cos (.221-r -

Pt(0) = - t cos Of - 0) = - t(o) = o

(b) Point of tangency Slope of Egg, of tangent line-
*
tan line

(i) -1I I y = 0 - 1(x + 3?-,) or y = -(1+

4

(iv) (0,

. ty

Y = (x

, 6 y = + -§- (x -
2

or

y = cx

0 y = - + - 0) or

' I

i79

-187
e

1

2



3. (a) If g(x). ='cf(x)', then g'(x) = cft(x)

(b) f(x) = sin 2x,,

.,g(x) = -2 cos ()c - 11) = -2 cos, (1;, 2x) = z2 sin 2x
2

g(x) = -2 f(x)

f t(x) = 2 cat 2x

g'(x) = 4 sin - = -4 sin - = -4 cos 2x
,

- -2(2 cos 2x)

g'(x) = -2 ?"1(x)

f(x) = bin x + cos x

ft(x) = cos x - sin x

When the tangent is horizontal, f' =

it 5n
.. cos x = sin x and x , .

If the interval is not restricted to '0 < x < 2n the

. solut,sn is t 4 nn (n, integer).

Alternate soin

f(x) = ig (sin x 1-+ cos x
, 2

= (sin x cos + cos x sin -14'

It
_

= img sin (:c60 v)

4

(x) = fg cos (x 0
. it 31t.. X

,
=

'x X. 5X=v,,,-4--

(See comment! after first soluiion.)

j--%
(ii) Equation.t (ef tangent at , .2, : y =

Equation of tangent at

a 8

180

1-2) y
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4-3

(b) (i) g(x)=--- 4 + 4 cos

x
gi (x) '=:2 cos

et
2 sin 7- = 0

g 5g
'

5gx = g

SipCe 52-Lt > 2g, , x =
rc

2

.

The $iitdrval lArnot restrictedeo 0 < 2g, the solution

law ,

is x + 2ng (n, integer).

Alternate solution: ,

g(x) = 0f(sin 225- cos t + cos S- sin )

= sin (22"

gt(x) = g-&- cos (i + ) = 0

x g g

' ' =
x g

. x =

(See comment after first solution.
41.11

(ii) Equation of tangent at (S- , 41-2)

. .

-
(c) (i) h(x) = 3 sin: (2x + ) + 3cos (2.x .+1)

hi(x) = 6 c'cia + (2x + ) =7333

. 2x + = ,

8341,

2x = 0, It, )2g, 3g

g 3gx n,v , *

If the interval is not restricted to 0 2g, , ;tile

solution is n (n ,

. C.

7.>

1 I /



.41
Alteriiat,e Solution:

ft, 1.4h(104= [(2x + + 314Esin'(2x

}Mx) = cos "(2X + 0

.

2x+ .2.1

2. 2 2 2 s '2

7

X = Y, r vv. 2

I 4,
(See comment after first solution.)

(ii) Equation oi tangent at (0, 3(21 and (it, 3i) : y =,

Equation o anhnt at 021, -3,r2.) and (-321-c, -312) : y = -31g.

5. -f(x) = k cos (ax + b)

= k cos ta(c + (x - c)) +1))
= k cos £(ac + b) + a(x - c))
= k cos (ac + b) cos a(x - ,c) - k sin (ad + b) sin a (x - c)

If c is fixed and x is sufficiently close to c, then.we Can

replace cos a(x - c) by 1, its. best linear'approximation and replace

sirs a(x -° c) by a(x - c), its best linear approximation.

.*.5 f(x) = k.cos, (ac:+ b) 1 - k1.sin (ac + b) ,., a(x - c)

This

. f(x) = k cos (ax + b)

we..have the tangeat line to .
i

I

4

.
at the point

,
k cbs (ac + b)) :.

Sr.= le cos (iic b) -.ka- sin (ac + b) <x - c) ,

. -
This line has the slope -ka-sin (ac + b)f; -therefore, the

derivative of f x cos (ax + b) is the function f'

whose value at c is,given.by

or

_41

fl(c) = -ka sin (ac +

-ka sin (ax + b).

Y

182 /
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6. D k cos (ax + = Wit sin 7 ax - b)

= D -k sin (ax + b -

= -ka cos (ax + b
2

= -la cos (i - ax + b)

= -ka .sin (ax b)

7. (a) ilhen x is in radians lim
sin

x

x
1.

5* . x "4 0
.

We must use this, s tatement to evaluate

,sin.2
'2.o

a° -4 0 (1

- ,
V 14

Since a degrees equals 1815 a radians then.

o sin a
sin a lo0-

a° a°

and multiplying by we have

s i n ria- a -sin ilk a

ao 7
lo0

6 4- a

(b)

..g

7(

sin a°
Thus lim

sin rgo- a

a° -4 0
al!:no 75ao

TIrda

A

cos x = cos
\

= 46 lim
a -4 0

fix.
Thus D cos xo = ,D cos x

= uz sin urc5. x

or c' -dm sin x

6

183 1 1r
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8. (a)

is

cos(X

Aorcos x

2C

12

`(b) f cos x, = 2

g cos (x , (L214 = :2r5
3 1(12 2

1

I

Thus the slVes of the tangent lines through (3 f ) and

a
Ir

6_I 12'1
are the same and the tangent lines ,are parallel.

.

sin (x + ii) - sin x*.
-

, 9. (a) lim cos x1
h ''-s 0 . . -

By definition of ft when- f.: x -> sin.x.
.

,

.4. ) ,
0'4

liar coscos x - cosTx + h) cos ( x + h)v.- cos x

h -30
h

{

i - '

h --) 0
h.

]

. -

By definition of ft when. , ...0r ....

" ( -sin X')
,

s

.
' cos. (x + h) - cos 1-

11.
[f : x -+ cos x : hl.i4m0

` a. - = sin x
...e... : '

,' ,
cos (3x + hY - cos, 3x - ...

-( 6) lira '3 s in 3x O''''

h -40
h

i.e., f : X --) cos 3x, ft = -3 sin 3x
4a

.

. .

,.. -3 sin ('2' . * v
V I

+ nY 2+ 3, sin (ac- + n)
V

(a) um -

. r i .e.', x -3 sf : -0 in (t + ' ; ft : x

b

t

0 0 '

111: .

a

4

"",

;

4
4°

/

cft
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(rt. *, 1. sin (1r)
(e) 1

Lem, 41(x) = sin x; f.(x)',. cos x; si"(x) =

-cos (i h- 4 cos i

. -

(f)
1.17, 0h -4 0

ah

i + h -cos

, If
"i.e., f(x)

a
- cos x; iff(xj = sin x; ,IT\

=
1\

=
2t

10. (a), (g), (i) ly = sin x = .cos 2) = 9s (2 x)

4-3

(b) - y =sin (x i.()

41

185
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v

4-3

,, O, (h)
- ,'

y = sin 4- - x) = cos x = cos ('-x)

11. (a) y = sin x

dx
cos x

'(b) y = Sin (x

dx

Y=

di
dx -cos x

2) sin x

(f)
1
75, = cos x

.

* ,
-cos, kg -

/g) y = cos x)

.dx11. = ( /21) 2 x) = cos x

CO 'y = ads (-x)

= sin (-x)-= -sirr x
tht

(d)" y = sin (-x) (1) y = cos - x)

ax = -cbs (-x) -cos x ' a = sin
2

x) = cog x

(e) y = sin -

d -cos- ( x)

d -si ,-x

4

* X,

I.

0



1,

0,1

Solutions Exercises 4-4 . .

/
6

.

: t .cos cut and g : t r sin cat.
. . . . .

s,.
i.e., t ccip (2)t and g : t --tr sin k-rt

r

If s =
0

. - ..._
. Horizontal - ,. , Vertical

.._, .,
position f: t -4 r cos /-1 t' position g :' t -) r,

n t
r r t,L

n ,ar
velocity ..,f : t --) -it sin /1. t velocity gt : ..E --) lc cos t ,

,... r r

2
n

) ' 2

acceleration If" : t -, ) - LI- cos t acceleration g" : t --)n n
sfn - t

r . r

(a) r= 1 4

(.

Horizontal, Vertical

position f :..t-)cos /ft position g : sin irt
,

velocity . .V :, t --) -1( sin nt velocity gt: n cos nt

acceleration f" : t --) -x2 cos nt acceleration g" : -n2 sin /ft

.
(J)" If t ..= 0 f(0).= cos 0 = 1, g(0) = sin 0 = 0

. , "1(0) = -ir sili 0 = 0. gt(Q) = n cos 0 = n i

f"(0),0--t.-Ii2. cos 0 = -n2 g" (0) .= -n.2 _sin 0 = 0

-' : .

( "A.Y If ti = f E.. cos
n

= L- g(2) = sin - = 1

..
nle (32') '-.-:*Ir cosfi(2) .= -A sin -1 = -n = 0

1 2 2 - It g
I f.*(--) --.7 -n cos -.z./1 = 0 g"(22:-) =. -n-'s - = .v.

. e 2 d 2 ..
(iii)' If .t = 1 ,f(1) = cos if = '-l. -13(1) = s n = 0

Nt(1) ,-47,n sin n = C5 gt432) = n os n = -n

1'(1)=.-312cos A -7: n2 g"(1) = 2 sin n'= 0 /

,

'iv) If, t = 2 f(2) = cos 2n = 1 g(2) i= sin:2n '--,- 6

it-

A

t

ft(2) = *Sin27: = 0 gt(2Y = it cos,2n = n.

'f"(2) = -ng cos 2n
2-

g" =, -n2 tin 2n

A

'41



4,4

Note that in the unit Circle

jies returned to its t = 1

starting point in 2 seconds. P(-1;0)

'

4

(b) r = 2

Horizonte ?. Vertical'

position f t -4 2 'cos t position g- : t -4 2. sin
X

t

velocity . ft r t -sin veloeity. gt: t 4 V cos t

2

acceleratpn f" :t 4 - = cos L accelerati "on g:t 'IT sin

,(1) '/If t,=Ot f(0) = 2 cos 0 = 2 - g(0) = 2 in 0 = 0 "..

ft(0) = sin 0 = 0 e(0) = y cos 0 =

f"(0) 1
y22

- cos 0.=.- ek0) = - 7 sin .0 = 0, .

(ii) If t = 1 f(1) = 2 cos = 0 _g(1)_ = 2

ft(1) = -n.sin gt(1.) =

* 2
y

. i 2 2
-f"(1) '= cos - = 0 g"(1) =

(iii) If t = 2 f(2) = 2 cos It =` -2 g(?) =.2 y =sin 0
.

f'(2) = -y sin y = 0 131(2) 9 x cos' y = -1(

t ..11: 2 1

y2 y2
f"(2r1 - 11- cos n=

2 2
g"(2) = - sin n= O.,

If t = 4, f(4) = 2 cos 2n = 2 : g(4) = 2 sin 2n . =''0 .

y
sin -,2;= 2

.

cos = 0

2

Tegin 5.1
2 2

(iv)

f/(4) =-n sin a = Q gt(4) = 2 cos a = 0

2 '2 2

f"(4) = - cos 2crr

^OM

ie

O

4.



Note that while P travels

completely around the unit.

circle in .2 seconds, it travels'

exactly half the distance dround'

the-circle bf radius of 2 in the
4

same time.

( c )

/t ((% ,

%.,..

.

Horizontal i - ///' Vertical

position f : t -4 6 cos(g)t
1

v

1

velocity ft' : t -4 -nasin (i)t
f'

r 2

acceleration f"tt -4- 116-- cost ' )

position g : t,--4 6 sin (i)t

velocity sr: t cos (et
2

g":t - 1- (i)tacceleration

(i) If ,t ,= 0, f(0) -1.. = 6 . g(0) = 6, sin 0 = 0
/

'1'(0) = sin 0 = 0 t(6) = 77 cos 0 = 77

2 2 2,

f"(0) = 77 coi 0 = - 77 1(o) = - -- sin 0 = 0
x x x -

-... .

(ii) If t = 1, f(1) = 6 cos i = 3If g(1) L 6 sin - 3-

, .

77 77 7(
Ct( = -It sin g = - --. gi(1)= x cosz = li-3-

7 *

i"(1N =
n2

.

7( x Y3 . \7(
2.

x n2
' 2 I--

i --6--cosg=-
12

, g"(1) = - T. sin =
12

t 4.

(iii) If ,t = , f(2). = 6 cos 5 = 3 :6 g(2) = 6sin i

f'(2) = = - 7(13 g'`(2) =n cos t =2
x

2
%

f"(2
2

xx
2 v2..q

)' = -
x = "

12
g"

x
(2) = - 17 sin -

12'

'
1
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IiV) If 11 = 3, f(3Y = 6 cos 121, F 0 g(3) = 6. slsa 71 = 6
2

\ I A V

V ,c n
2.' .'',

y n ,

''f1(3) =, -n sin 1 =.rn g. (3) = it cos = 0
2 2

2. 2 '

e.(3) = _ -- cos..f = 0 g"(3) = - .-- sin
....' ; -6-

i

Note that wilen the radius

is '6 units, P has
1

= 3
traveled only r; of the .

distance around the circle P(331T

in 3 seconds-
' 2
i.e.,

1
of

the distance in 6 seconds.
t = 1

P ( 3113-, 3 )

2., The position in all- 3 cases is the same relative to tha circle;
0

.

i.e.,0 (0,1), 424 and (0,6), respectiVely. The velocity in

1

all 13 cases-is exactly the same;

i.e., if r = 1, $t(1),= -g and
-'

. /

If I- = 2, V(1) = -n : and

. if r's. 6,. f'(3)' = -n and

-, ..1' i
The horizontal acceleration is zero, as the radius of the circle,

. .
.

increases the vertical acceleration becomes less negatp.ve;

g,l(t) = 0;;

e(1) = 0;

g'(.3) = 0. .0

1 2
1,,' d'(-.1'i.e.; if 'r = V:* 4.0 and

°' '2'
.... ..,T.

2

if r = 2, L:1(1) = 0 and g"(1) = - 21
_2

if r= 61 f "(3) 0 and g"(3).(3)- = 126

- r

- I/

1 , 2

190
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3. The position
(1;0),

The velocity
i.e., ft(0)

when r = 1
when r = 3

when = 6

.

0

in all cases is the same relative to the circle;
(2,'0), and (-6,0) respectively.

floc = 1, 2, and 6, is the s'ame^for t 0.;

= 0 and g' (p) = lc. Also

ist(0' = 0- and, 1(2) = y;
ft (4) = 0 and g I (4)' = lc, and conjecturing,
f'(12) ='0 and gt(12).= se."'

The vertical acceleration l.s zero, but as the radius'of the circle
increases, the horizontal acceleratkon becomes less negative;

i.e., ,i1C r =.1 .r(2) = -n2 and
2

r= 3 r(4) = 2 and g"(4) = 0
2

i x = 6 f"(12),7 - . and g"(12) = 0

t r cos cot g : t r sin ast.4. f :

f':
f":

t -r sin cut

t -rm2 cos cut

g': t--,r cos wt

g": t -rm
2 sin cut

./(f")2 + '(g")2. = Irlm4(cos2 + sin2 cat) = rm
2 r(s)2 s

2

kr,
.

. i.e., the square root of the stim'or thesquares of the acceleration
is the product of the, speed'and the angular velocity.

,f(0) = 3

f(.0) = A cos 0 = A,

A = 3

(1)5 The' period- T satisfies

t.

= S. CD

components

5. (a) Since

and

Hence,

(c)

(d)

(e)

T = 2y.

T =21( /7117-

f'(t) = -A /En) sin,,/ t. pence, f' (0) =

Amf"(t) = - t. 114(0) = -

2 . , 1

The velocity is decreasing (a change 'from positive through 0 to
.. ,

negative fs a

k rt k e r r..-

k'
f"(t) = - A cs t = - f(t)'..W abbeviate: fn -

.m. N m m . . m



4-4
ft

(f). 3 since* 3 cos t has the minimum values -3(-1
)

rt ,
(g) f(t)" = a cos t

it!) = 3 cos 2 = 0.

rk
f'(t) = -:3' srn 1-71 t.

3 1-- in 1.1 = -3
2

.f " (t) 't cos lit t..

f" = - 3 I cos 124 = 0.

.!*

The/mas% is moving to the left at this time.

(h) f(t) %.= 0 when fil t = that is when =i- , ,, .

m
:2-1 ri ./ .

.f" (221 /) = -3 1.sin 11- =, at
m

.

f" Pt Ilri) ='23 11
2

cos = 0
m ,

_ . . . . N ! r ,

1
The mass Is moving to the right at this time.

6. ,x = f(t) = A cos. wt,
.

f ' (t) . -AW sin at; ..(

'2
f" (t =Is- w x

. f"(t) =.-A2 cosvwt = -2 f(t) = -w
2
x.

Siklerly --

4 .

y = g(t) .= A sin wt,

g' (t) = Au) cds wt,

, h

. g"(t) = -Aw.- sin wt
.

ps w
2
x,

S y

2
= ..(1)

1%),

O f

gif(t)._my

Triangles RSP and OTP are simy.ar. PR passes through

were less than 1 it would not reach this far.)

46'

.1

3.92

2 u 0



p

r

1. f x x

ft
f"
fits:

f(4)

(21)(a) x cos V

f(18)x -.1* -sin x:

sf.('55)x . -t -c6 s x

(16)f x sin X

2.- \(a) f(x) = sin x

(i)

(ii)

x cos x
x -sin x
x x

: x sin x

, Solutions Exercises4-5

2

2

(iii) f"!* = if
(iv) fiv(2)

(a) f(x) = A sin'ax
(i) fi(X) = Aa cos ax
(ii). f"(x) -AO sin ax

fm(x) -Aa3 cos ax

(iv) fix(x) = Aa4 sin ax

'4. (a) f(x) = 3 sin Itx'

ft(x) = an'tos nx

f"(x) = -37t2 sin Itx

'fm().1) -3f t3,cos nx

f (x) = 37t4 sin Itx
/0

B : x

gi : x x

x -cos x
x x

: x COS x

(b) g(31) ,x x

(42)
g x -cov:

g(20) x -)cos' x

g(101) x -sin x

= cos x

1
ete 7

gn(*) _L.

( b ) g (x )

(iii) 2

(iv) giv(v) =

(b) %f(x)= B 'cos bx
(i) 'gt(x) = -Bb sin bx
(ii) g"(x) -Bb2 bx

(Mr gittc,x) = Bb3isin bx
giv(x) = Bb3 cos bx

(b) g(x) = 2 cos

gt(x)

g"(x) = - t cos

et(x) = sin

g(4)(),$)0) cos 2.

193
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5. (a) A(x) =i3 in + f(0) = 3 sin (f.)

(9 (1) (x) =i2 cos +

(ii) f"(y) =
2

(i71.) =

(c) (i) fll(X) = eiCji

(1).) f"(2 =- sin (721) =- 1 = -

(d) (i) f'"(x) =' - cos ()2-= +

. ,,,(i.l.) fin(- 4) = cos (- i) = -q(0) =:0co,

6..

(e) (i) f (4)(x) = sin 0- + itT)
2

(ii) f(9(271) =13-6 sin () 1

,t- =
32

,

6. (a) g(x) = -2 cos (2x + li); g(0) = -2 cos (12-i) -2 0 = 0

4

(b) (i) g'.(x) = 22 sin (2x + 721 , Z:

.,e

a I

EI(71)P'= 22 sin (g) = 4 0 = 0 I

(c.) (i) g"(x) 23-cos (2x + i) t,

g"( - .37i) = 23, cos (i) F`23(-12:) "14.

,
(d) (i) \g"t(x) ;724 sin (2x +

2

(ii) g'"(0) = -24 sin (i) = -24(1> = -16

'(

(e) (1)
(4)

(.x) = -25 cos (2x +

(ii) g
(4)

= -25 cos (4) = -25(A) = 32'

0;.

7. Let f : x )s,in x and write n = 41c 1- e, O.< .e <'. The four cases

are then ) . i ..

r . . feltk+i)
: x %-cos x -i(

, .
4k1 0-

. . f( .; x ) sin ,x .

f (410-2) A
: x ) -sin x

3'bi+3),
x ) -cos x

,...i

(Specitkiases are given .in the answer to Exercise 1).

' 1

*



1

4 -5

8. Prove that .
x2 4 6

C .
scos x v. 1 - +

T
+

e '4'
d. .

:4. . T(x) ..= COS X fa(x)
J.

f( 0) = fla 0) = 1 = p(0)
.7) .

fl(x) = -sin x .-- fI-11.(x) f;(0) = f4I+1(0) = OF.= 1)1(0) = p5(0) = ...
...

-cos x = /la+20 f41+2(0)
-1

p6(0)
` '

ffq(x).= sinnc -= fia+3(x) fm(0) = f4I+3(0) =, 0 = PT(0) = P7(0) =
,

f(4)(Ix) = cos
.

x = f . (x)" f(43 (0) = f (0) = 1 = p .(0) .-- p.(0) = ..:' 41 41 % 4 , 8 ,

, where. I = intezer.

p(x) = au., + c x + a 2x.
2

+ .a33 4-x + ao4 ..,. 'f)(0) .--=,0.ao = 1 ..,
1

4
'pr(x) =a1 + 2a2x + 3a3x2+ 4,a4x3 '-i- 5a5x 4-..... Of 0) = 1lal = 0

2
= 2a2 1, 3!a3x + ,4 3a4x + 5 b.a3.): 3 +. ... p" (0) ..E12 ='.. %-

pU'(x) = 3!a3. + 4!a4x + 5 4. 383.
2 + ... p(0) = 3!a = 0 or

(4)-
p (x) = 41a +.5!aix + 7:6! alvx2 33 4 a' 5x3:+ TOO (0) =!a 1

) P(5)(;) = 5!a +.6!a4x + --77' a x2
,

+ ...2! . 5 ,

. . p(5) (0) = 5i.a = 0

.
5

'1

-c

'p

.
o

j 1 , .1 ,1a0=1 a2, av_. . a6 =

a
1

= 0 a
3

= 0 a
5,

= 0 =1, a7 = 0
7 k n

1 2 1 4, 1 6.. p(x) + x - x + . . . + )

. 1 2 1- 4 1- 6
pos x =1 --rx + 7 x - gr

where .n' i even k4=

x39. sin x.= x - +

tio

(a) 'sin (0.2) 3.2 1

.0080.2-

r

;

k n

6.

4

5
(O.2)

5!
.00032.

. , 5 j.3 2 1

7. '0.2 - 0.00133
.00032

7
120

0.19867 < .000003

(correct. to 5 placeaccuracy.)
_ . .

0 /

N

195
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o
2 4

x x10. cos x = 1 + ...r 11

t N2'
A. (0. cos (0.2.) '::: 1 1221_

2 1

0.04
=.1 4.

.2
+ (0.2)

f .

, 6
(0 IRI <

2S) ,it- 3 2

0.0016

1 .

q

< .000064
- -7,--e

- 0.02-+
... ,

.. cos (0.2) :: 0.0007

0000.7

with

6 -5 4 3

e 000064 4

*2 1

720

IR I < .000Q01. . ._

(correct to 5 place accuracy.)

:..11. (a) (1) cos 2 e l
l',. , (1)2 _1...._ - 1 - =:17I = 0.875

1.'
.

. (10 cos 1;1 4)2 211 4: (1)4
2 2 3 2!-1

, 1 1
. . a = 1 . 8. 4..

1 1 2 "41; 1 4(iii) cos f 2" 1 (e F-71:
+ (0

, l 2 1 1
.. $ zi6 184320

(b) (1) R2 < 1-3-J6 :: 0.000651
). 1

Ja,

16 .3 2 1
(

'2) 6 5 4 3 .2. 1

X' .

Hence 'cos
2

o.88 to 2-place.accurac.y.

(ii) R14'

14,. 1
--"" cos z 5-pa.ace accuracy.

2

20 0.0000054

"(111) <
2.6 8 .7 6 -5 .4 .3. 2

<
A

- a-
1 1= fg im-21-0 o.0oo00oo2

' 8-place accuracy. .

,112. Suppose f x '4 sin x and 1(x) = p(x), a < x < b, whe're

polynomial of degree n. Then

f(n+1),kx) is + sin x or -9os x

depending upon n. Thus we cannot have.

s.nce pn+lt's %"--", the

o

(n+i) = p (n+1).

zero !function.

196
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tt 13. (a). sin x-=

1

Then.

and

.

"

x3 "x5 x7
X

5
where 0 < R <

5 -7'.R

x3 x5
x (x - = - 115

Limit =
1

120

x3
sin x - - 122

x5
x5

R 2

o < -x--

4c5 71

This process 'can be abbreviated as follow:

sin - 6' + 1. , .

,, x5
sin x k A

X3 x5

x3'
sin x.- (x - )

1

x5
120

1
Renee, Limit, =

120 '
3 6

sin x2
x

(b)

A 6 \

10X -4' 0 x

(see tart (a)),

(c) lim
t - sin t

-90 t
3

li
- sin t)

ra ,

t -4 0 t3

t -'sin t 1
and g

6 t3

rf'

skin. t - (t

- lim
t5

"1-

8 ' 4 '

= sin t z t -

'197
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,

(a) u rn t - sin. t,

t > 0

t3'
sin t z t - 6- ,

t3
t - sin t -

t - sin t *3 t
2

2t 2t 2

Hence, = O./

re). Let x2 = t

,

lim
1 - cos x2

- lim
1.- cop t

x 0 x4 t 0 t
2

(f)

L.

t2
Since cos t '-=. 1 -

4

q> 1 cos
t
2

'

1- cos t 1

Tom- 2
1

The required limit = .

2

3
tx 4=Let , Pt

f

UM 1 .. COS X3.
liin

1 cos t

x --> 0 x /3 '-t ..-$o t

t2
1 - dos t e
1 - cos t 1

t
2/3

t
4/3 - 2

Hende, the required limit is
. ;

4.

4

O.

1 F

4

198
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14. (a) sin x mx

cos x 7,1 /.

II

34,\

ein x x
- x- and' .

750

sin x ,

cos x 1 COS X
= v

G\

(i'l
More precisely, if x > 0

(4

,
o

)

x3

N:1 . ''sin x = x - RI 0 < R
1 31.

2

2 2:

c

4

on

sin x
(1. -

cos x 1 - R
2

- x
1 - R

2

Ri - 1 -

Since -- and ,R2 approach' 0
1 R

abproaches 1.

2

Since x approaches 0 we obtain the same conclusion.

(b) The easiest solution is to write

-x cos x - sin X
- cos x -

x

4.14,

sin x

x

and to observe that both cos x_..mid
sin x

the required limit is '0. Otherwise \,

2

x(1 - I-) -.x
'x cos x - sin x 2

'fence, the Limit =

(c) Sin x a x

2
x

x - - x
c x

sin .c

approgch 11 Hence,

Hence,
sin x

. approaches 0 as x approaches zero from the right.

(Approach from the left is impossibre'since is not de iiied

for x < 0.)

199
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15. (a) sin x x

cos x 2

. sin x x

1 + cos x 2

k^k,

Hence lim
sin x

x
1 + cos x

ti

/
-One can also write

sinx sari x (1 - cos x)

1 + cos x (1 + cos x)(1 -'cos x)

t
sin x (1 - eos.x)

4

1 cos
2

x

sin x (1 - cos x)

sin
2

x

1 . cos x

sin x

By Example 1:r5d, the limit is 0.

x z x

3
sin x z x

2

2

= as X z
2

2 2 ,

sin- x , . x ,

Hence, ,t------- :-.. -. 2 and the required limit is
1 - cos x

x-

2

It is b tter, howeverkto observe that

sin x - co's2 x = (1 - cos )10(1 + cos. x)

and therefore O

sin
2
.x

- 1 + cos x
1 - cos x

which clearly approaches 2 -ist x 'approaches O.

'200
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(c) sin z t

Hence

Then

sin x
2

x
2

-

2
x sin x x4

I

1 - cos x

(1 - cos x)
4

2i, 2
x sin x

--4-- -

(1 - cos x)
2

I x
T .

so that the required limit 41

16. Suppose x -' sin 2x and g x x.

f
(n)

(x) = 2
n
g(n) (24.4

so that

If 'p(x) =

and

;(1.1)(0) 2n (n)(e
, 1

r II'
,

1.: aix t . is
P

the Tay{ pproximation tO f at. x = 0 .

= x1`

is 'the Taylor approximation to
.

p(k) f(k)(

\

=,-2x x
3' i

31

= q(2x).
v

(
= 2 g

k)

."

.4

/.$



4-5

17. (a) ,,,,Expreds p in powers of x - a:

P

a, ...C. A.

p(x) = b
0

+ b 1(x - a) + b 2(x - a)2 +

Then

- a)n.

bo = P(a), = p'(a), b2 - P11a) b P
(n)

la'

n n!
46.

a$-shown in'Section 2-13.

The assumption p(a) = f(a) guar'antees.that b0 f(a), while

the assumption (iii) guarantees that /

f '( a ) b
f"(a)

b - f(n)(a)1 - 2 2! n n!

that is,. p is determined uniquely by (i), (ii), and (1.1.1);'.

(p) p(x) = bb + b1(x - a) + b 2(x - a)2

_
.

where, as above, -

b= = fi(,
0

Er) b
2

fn2(Z)

Since f : x ---)sin-x; we hive

: cos x and f" : =sin k

so that

i1)0= sin a, 111 = cos a; b
2

stn

.

(c) The coefficients of ,p,, expressed in powers .of x a are
9
given in part (a).

(d) If g x cos x; then arguing as above, for n = 2

p(x) ..:(a) + g'(a)(x + 6T) a)?,

= cos a - (sin a)(x --a)
(cos,axx a)a

202
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Teacher's Commentary

Chapter 5.

POWER, EXPONENTIAL AND LOGARITHMIC FUNCTIONS

5-0,

In many calculus books the integral theorems are used to frame precise

definitions of the power, exponential, and logarithmic functions. We begin

by proceeding intuitively from the familiar algebraic properties, which have

f, yet to be proved concluilely in all generality. Starting with the intuitive

concept of power, we turn to the functions based upon power: exponential,

logarithmic.

The main purpose of this chapter is tostudy the properties of the

exponential functions- f x > 0) and their inverses, the logaLthmic

functions.

It is assumed that the student is familiar with the laws of exponents,

in particular with

and

a eras
s

,lar)a ars,

where, r and s are rati al numbers. Nevertheless, these 'matters ate

reviewed and used in co<iection with a concrete problem --Wale growth of a

colony of bacteria. n Section.5:4, a
x

iven a Meaning when x is

irrational. .

4

An Sltern e approach to exponential ituAtdons woad have been to intro-.
,

)duce and solve the functional 'equation f(x + y) = f(x)f(y). We believe tha

k:',

thin development could be 'very,illuminating'in
-.

the next course.

It is shown (in Section 5*-5) that A;ecaririte an arbitrary number a as

a power of 2 and that it is therefore sufficient to treat the single exponen-

tial function x -,2x4. We begin with base 2

we Shall expect the student,to discover tat

other than e are not often used,since any
4

given by -x
X

= e
QX

, where a =
e

a. ,

--;.%);;; .

.7..4 0-4 a.

for simple concreteness. Later

exponential functions with bases

exponential function is easily

203
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O

1

'8blutions gkercised

1. (a) X5 . !-?=.x3 .

(b) 109 10-7 = 102
.-

.

(9) a3/5 . a5/3 a34/15
v .

, 0 04 0 ,

, 'a) er ) t.Z 2'('N' '..= 11.1.2

.,

I k I 2'
e

.2 1 2 A

(.e)' 0/5' 84/3 = 23/5: (23)14/3 ='23444.14 219/14
. .

'(f) (a3/5)5/3 = al = a

642/3
(26)2/3 24 -

5/2.02
(8) 3755 (25)3/10

1/2'
81/2-

21/2( o
(2)2(h) 3 2' 2 =

1/2 1)2 1/2
)

32- 2 16

2112 8i,/2 21/2
- 2 2 2

1/2 21/

or
321/2

2 1/2
2 2

(1)
32.. 22 (6).2

iT277

5

51.11.1

2--- (
1N-2/3 o 1 2

25.55 . 1.10 ,` 53 3' 5 -2 5(

2. (a) If 811.1 = (23)2, then 8m = 82 and m = 2.

(b) If 8m = 2(32), then 23m =.29 and m = 3.

(c) If',,2(45) = 16m, then (45). .(2 ) 2 and
.5

= 4m4 m 4m

so that,m = 4
4

= 256.

4me0.. 2=If .(214)5,7,16m, ;then - and 20 = 4m, so that m = 5.

If 42 = 642/3, then 4m-1 = (43)
2/3

and

If 15m-1 = 0.2, then 5m-1 =
5-1 and, m = 0.

If (Om = 3 ," then (i)m = ,,(i)-1 and m =

If 17m = 1, then 17m = 170: and a-= 0.

t3
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7

3.. 10000-2/3Y= 1000 --4-7--s.; - 1000 2 = 250
. 2

3( )-31?'= 30)-3 = 3cW = 3 43.,
2

(45/2)(8 -1) (22)5/2(23)-1 25 e 22
%

(11)4/3..) (2-1)-4/3 :24/3

(2-2/9)9 = 2-2.

Since x.-4 e is an increasing function as x increases,, in order

of decreabing from the left we have

2 4/3 2/3 -2 -32, , 2 , 2 , 2 , 2 'or

5. t '
6. '(a) An increase in-the dxponent of 3 by r corresponds

.tion by r, say. If we stag with the/exponent 0

0 1/4 2/4 2 3/4 3
3 = 1. Then 3,_ r, 3 = r , 3 = r3, -anti

-Hence r4 "=...3 and r

(45/2)(8-3)., (22..)-1!3, 22/3,'(2-2/91-9,
,

2-3.

22.7 =22 2.7 27A0 .1.0g 1-6t rs

(b) A decreases ip,the

by 4. Since 41

A decrease in 'the

by 21/2. Since

(.0

-
exponent of 4 by 1

= 4,, 40 = 1) 4-1 =

exponent of 2 by
1
,s

2
0=1,

1
0 2 12 -

2
Vg

O

'205

213

5-1

r

J

to multiplica-
,

we have

3
4/4

=

o ,

corresponds to division
h-2 1 -3, 1

,
h = 7

corresponds to a divisiori

o

a
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,r

1. Let

1

SolutiOnS Exercises La-*---8----
N(n) = 106(2n) P

1.6

N(n) in millions

0

.1 2

2 4

3 8

4 16

N(n)
in millions

2., N(n) = 106(2n) Ns.othat4

6. n+5.
+ 10 k2 -) 23

N n + 2 6 n+2,,
10 (2 )

3;
10
6
(2
n+7

) _
=

10
'N n - g

1.0
6
(2
'fi-3

)

e- 1024

6, 100 k '106(2100)
--,

4. If 4= N(n 4. 100) = 10 2 ), then, = - 106(298)7.
- -

2
2

- - Thus, after 98 -days there were
4
1- present.

, \ :'; '. . 7
.,5. N(n) = No an . 1'7'

200,000 = N(n + 3) = N
0
(an+3)

.

and
n4

1,606,-000= N(n = N's a
.2. 0

Thus

N(n + 2)
3/2

NTE7D- -
8 . -

and 'a = 4; hence

.N(n) =410(4n), W(3) = N0(43) = 200,000, and no = 200,000(4-):-/-

The formula for N(n) becomes

-N(n) = 200,000 4n-3.

206

214
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I-

(a) If n = 5, 11(5) = 200,0oo 45-3 = 3,200,000

(b). If, n
' 2

110) :21
.

0,000 4(3/2)-3

_//0
= 200,000 4 = 200,000

= 25,000.

(c) If N(n) =-8co,000, then. 200,000 4n-3 = 800,000

. and 4n-3 = 41. TherefOre, n - 3 = IQ and n.= 4.

6. N(t) : 105 2t

(a) N(2) = 105 , 22 = 4 105

'4
N(4) . It'

5
2
4

= 16 105

105 :"2-1 1
3.

5

N( -2)

(b1 0

= 105 2-2 = 105

(c) 1(- 105 . 2-1/2 1
105

YC .

1r§ 105Nci = 105

N(i)

1 2
N(-

T. (a) If N(t) = t
a is to represent growth, a must exceed one.

207
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.5 -2

N

t+1
t . af

(b) ,N(t+.1)" -ti
0
a

=
Noa

-
It() a

-
' N(t) t)

N
o o
a'
t

. N at

t+2 t+1

N
Nei. N

Oa
a

(c)

N t+I
N a

t+1
N
0
a

.0 ,

t+3 t+2

N

,
N
0
a rt

o
a a

N _t+2
_

:N t+2

0a0

t
N(t n + 1)

1111 N Oa"' a

N(t N(t +

(d). N(1) = N
0
al = 105'

N(g) = n
0
a
2

= 10
6
,

- a = 10

=a

-a

i.e., Rate of growtH

%s proportional to amount

present;

/
..i/

,

/4heref re: //
= %

os

1) = N0101,= 101

4
N(2) : N0102 =106 11\8\= 104

/,

pc- 8. Nt)" = Nditt

' (a) At ti t =
0.='N

1(), cay, a less than

ti

solut on.

o.c

N 7 , No- at

NO
2 2

(.1)t

NLa
t+1

(il) -If N(

then

See Number 7 and '

a < 1 -

1

and t =1.

4

2082 16



Solutions Exercise

1. (0 2144 =
21.25

= 2
.2.25

= 2(1:189) p 2.378

(b) 25/4 = 22 = 21/r.414 = 2(1.189) = 2.378'

4(a),a21.15
= 2 .2.15 » 2(1.110) = 2.220

Zb) 22.65°.= 22 .2'65 =1(1.569) = 6:276

(c) 20'58.= 2.5 .2.03 = (1.464)(0..021) = ,1.495
. ,

2-0.72 -14; .28
(d) = 2 )le

(4)

.5(1.189)(1.021) = .607

8'84 = 423).84 = 22'52 = 2
2

2'02.

= 4(10414)(1.014) z 5.735

(2-2)-0.63.. '21.26 21 ..2.25 .01
0.2-0.63 = 2.

4.

-4.o

-3%6

-3.2

-2.8

-2.4

-2.0

-1.6

-1.2

A

5-3

I

'r
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N,

t

4

f* r -4 a
r,

VIP

'r 4
.

a > 0,r- (a constant)

If "a > 1, f is increasing

If 0 < a < 1, f is decreasing

If = 1, f is constant_

2 .

r 4 (a)r , a >.0, (a constant)

.

If a > 1, f is decreasing for r < 0 and

increasing for r > 0 .

If 0 < a <41, f is increasing for r < 0 and

f is decreasing for r > 0.

If a = 1, *f is constant. 441

2
r > (a)

-r
, a > 0, (a -%constant) -`

°If 0 <.a'< 1,, f isilecreasirrgior r <-0 and
.

iS increasing for ri> 0, _

.

If a >'1, f is increasing `for r`< 0, and f is

decreasing for r.> 0.

,

If = 1', f is constant.

(d) f r -o (2b-t3)V, (b -constant, 2b + 3 > o) i.e.,.

Increasing: 2b + 3 > 1 Decreasing: 2b + 3 < 1

b -1 - <b < -1N.

2

Constant: 2b + 3 = 1; b = -1

21.0'

.1 218



7. ,(0. er. (1 + 1)n

-7- .

1. 4' L1111n-1,1% 2in7y1.(I)n-2(1)2 +
.0 /

!` ,Oigince all terms are positive, and if n > 2 there will be at

least 1 ter onIthe right hand side, We may deduce the inequality

5=3

2, >
2

n >
.

(1) i" ( 1
2n n(n

2

- 1)*
, n '5 2

. ,

-t.... .

.
'1 ,.- -Let- n,--..,ZiOV:',*(1'. p109 >,1°°

loo
_

s

and_ > 22.
loo 2

ti

. 210,000 3.0,000(9,999)*
(ii) In (a) let n = 10,000; . >

.. 2
210,000

241922
10,000 > 2

(c) From (a) we have

and

2
n
>
n(n - 1)

2 ,

-
If n 0, then' .7 >

n

2
1

2n 1
and >

n

As n .increases, the cOntributlon of (-
2

'is negligible, and.

. 2n
increases without bound. Therefore, since. -71- is greater than

, n

n 1

, n
2 n

Will also increase without bound.

I

211 1
.

:219 1

n.
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5 -3

log b

21. (a) In M. loge b - substitute x for b, and b for
log

c
a

We then have loge x =
logb a

logb x

logb x = (logb a)loga x, or using (5)

loge x (loga b)logb x.

In the first relationship dogb a is he constant of

/ propbrtionality; and in the second, loge b.

(b) log
a

x = 0, if x = 1. Therefore the x-intercept. is ,"(,,10:

loge b, logb b

loge b =
log a' (4)

/Let c = b, and we have loge b - .

Logb a

1

....1(;)ga b logb a (5)'

23. (h)
x3/21.= a3/2 Toga x

.

l

ii2 3/2 log2 x

,.., With, a = 2, we have x-'1 = 2

,/2 3/2 loge x

With a= e, we have x'" = e

(b) (X3c)x =
(x)x

2 ax2
loge

X

x2 'log10° x
With a = 10, we have (xx)x = 10

2
2x

1 c) = a

2x log 'x

With a = e, we have x
2x

= e
e

(d) x

(xX)
a(xx)loga x.

But xx = a
x loge x

(x log x).

(xx) .

)log
a
x With a = 2; we have

..a x - =

` x log2 x
(xx) ((log x) . 2

J

X = 2

1,4

212

220,
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Solutions' Exercises 221

1. Reading from the'grhph, we find

21.15
7,2.2;

22.65 6.3-; 20.58 2-0.72
0.6.

2. The values obtained in Exercises 5-3:Number 2 were 2.220, 6.276,

1.495 and 0.607 reepectively. A comparison s reveal a

differehce of not more than 0.2.

(a) 21.73.= 3,3

(b) 23'11(1 8.88

(c) 244 27'79 .6

4. No:there is no real number x such that 2
x

= O. We give two

arguments to support this statement. The second is very neat, but

more sophisticated.

(a) There isno such real number x >0 since f : x -42
x

is an 4

increasing function and ,2
0

= 1 o that ..f(x) > 1 for x >0.a J
If x < =0 we set t = -x; hence, g' 1 .- Since there is 1e

2
t

5-4

.

no number 2
t

such that
1
-- = 0,' there is no real number x
2t

such that 2
x

= 0.

( If x 'is a real number such tilt 2
x

= 0, and iT y is any

real number whatever, then y x is a reel number, 2' -x

therefore defined, and we have

.

2Y7x 2x = 2Y-x 0 = 0,

but

2Y-X 2x = 2Y, . \
I

therefore 2Y = 0:.
---

for every real number y. Iliut 2
1

2, so this is impossiblo.-
i

If 2x = 6, i'..rn...6 4 (d) If 2x = 3, x = 1.6

If 2x -2. .4, x 1:3 (e) If ix = 2.7, x a 1.4

If
2x

9

*.

213
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'5-5 1'

Solutions Exercises

r

1

1. We first write 3.4 2(1.7). In order to express 1.7 as a power

of 2 we may,

ja) use the graph and -Tead 2.
77 1.7,

(b) interpolate in Table 4-2 between the entries 1.68179 and

1.74110, obtainipg x

(c) if we donot object to the calciilation involved; divide 11.7

by 1.682 (since entry 1.66179 z\1.682) obtaining

1.7 tj( 1,682) (1.0107).

'Using the table again we note that

.01
< 1.0107 < 2'02;

hence 1.7 .7.,(2.75)(2.02) = 2.77.

'Getting bacic to the given exercise we may now express 3.4= 2(1.7)

We should note at the graph1/ 1.77 /

as 2 k2 =.2 kapproximately).

gives a satisfactOry approximationor.

2. We write 2.64 = 21(1.32); then, since

.

Thus, (2.6.90'3 =

2.40

2.64
.21(2.40)

2
1.40

.

(21.40)0.3 20.42 (20:40)(20.02).

From Table 5-3, we have

.4
1.320, e

.02
1.014';

hence
(2.64)0.3 (20.4i(20.02.

) (1.32)(1.014) Z 1.34.

Alternatively, the graph of 'x -42x may be used twice:

'first to see that 2.64-x'21'4;; then to find

(21.4)0.3

Using the graph, wobtain the result

Y.

.42:20
Z 1.3.

214 .
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?t,' .

3. We first write 8.276, 1%569). e table or graph gives

so that

6.276 = 22(1.569) = 2

Thin

\ 1.569 .65

(20.65)
=
22.65.

(6 276)
70 6 5)70.6 2-1.59

= 2
-2+.41

= 2
-2

(2'
41

)

= t(1.33) = 0;33.

Alternatively, to Use-the graph we round
. . ,

6.276 21 6.28 and read off .-22.65 m 6.28.. e

Then since

(6.28)-0.6 (22..65)-0.6 -11.9 -1.6= 2 . 2

We refer to the graph again 'and read off

-1.6
2 m 0.35.

The result is atisfactory, and quickly obtained.

4. Since 5.2 = 4(1.3) and 1.3 2'38

5.2 m 22(2'38) = 22.38

Thus,

(5.2)2.6 (22.38)2:6 26.188
2
6 0.9Z (2-0 ).

But

hence

We hav

0

2
0.19

m 1.14,

AO e
2
6
(2

0.19
) 2

6
(1.14) =

5-5.

040

1

4



5. Pixtv'ethat:ir 0 < a <,1 and v > 14, then a
v

< a
u

.

PrOok: Let b = Then > 1
a

and by > bu, i v > u.

Dividint,by Orbu

ana finally

6. (a) x
4x; -2; a = 2

5.

x 2
2x

(b) x -4 (3.60)x = 2ax

.. 2a = 3.60='2(1:80) : 21(20:85) :21.85

Lg., (a = 1.85, and the function x -4(3.60)x, , may be

expressed as x 42
1.85x'

(a) x (5.736)x = (2a)x 0

'2a 5.736

= 411.434)
.

.
= 2 V0.52

= 2
2.52"

Liriear interpolation:

Table value: 20" =

20
20'

52
= 1.434..,,55(,05) = .02

i* r-, 1..

Table vac 20'55 .= 1.464

be expressed:i.e., a = 2.52, and the function x (5.736)x may

as x 22.52x 1r,

,,

(d) x (0.420)x4 = )

FL

=t'

. p 4.11.20.cg.
%'4

411 L":(.5) (.840)r,
tiN2

25

nction x -4(0.420)x may be

2
I.25x

ij
iter--. -1.25 and , tr.

,
expressed a§^

4. s(.

it ,

216'
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The funetnn x ax may be written as x -) 2

--The function 'X. Li b
x

may be written as x -) 2°

,(a) If a c..h, then 2
a

'2< 2°. Therefore, since is anx

increasing function, it follows, that a < 0.

(b) As lb - 'al decreases 10 - al also decreases.

S 0

For these valuearof b

2%3'

R = 2 1.6 ;1.2

2.04

1.03

a

2
aal

cX = 1

ity ,b,= 4, thfn '2° = 4 and 0 = 2

2° = 3 2(1.5) (21)(2°.6)
1.6If b = 3;A then ) = 2 ,

and 22111.6

If b = 2.3, then 2° = 2.3'= 2(1.15)
i21)(20.2) 21.2,

ac) .0 1.2

If b = 2.04, they g =2.,04 = 2(1.02) ,(21)(2C'03) =

and

21.03

8. If the solution of Number 6 above, ia used, this question has been

ansimred.-

r.- 100

Positive, because if x a is, increasing, then a > 1, and a > 0.

Negative, ecause if x -)ax is decreasing, then 0 - a - 1 and < 0,

x+1
f(x + 1)

f ( x)
a

If a > 0, then

If a < 0, then 0 <
f(x + 1)'

<

- a =t2c1. (independent of x)

(d) =
izar.
2 = ke )

(2 x )2
since a ,> 2

If a > 2, ax > (23V

a 217
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9. (a) The graph of x ax (.a > 0) crosses the y'L-axis 'at the

point (0,1) . This y-intercept its independent of a.

(b) If x sax and 2(2a)x, then ax = 2 2x ax.

- It folliows that 1 = 2 2x and 2-1 2x. x = -1

(c) If x ax and x b(ba)x, (b(Re) > 0)

then ax = b bX ax.
.

It follows that 1 = b bx and b = bx. x = -1

(d) If x ax and x bn(ba)x, (b(Re) > 0, n(Re) > 0)

4r

I

then
ax,.= bn bx ax.

n.
It follows that 1 = b b

x
and b-n = bx. ix = -n

218
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5-6

\

Sol1tion Exercises p_z6_

%

log2 kx
1

3-c.) = log,, 1 = 0. For any real number x > 0,

log2 '(x tz) = log2 x + log

,1%
1og2 x + log

2
k) = 0. follows that
x

log2 (1) = -log2 x > 0.

For any real numbers x1 >0, x2 0, .,)

log2Ax
2

= loge
2

= log2 zl + log2 (÷-)
2

= 16g2 x1 - log2 x2, frota Exercise 1.

. Let a = log2A'Y and b = log2 x

2a = xY and 217 = x. But Y xY

0.0 2a = 2by and a = by

Substituting for a and b it follows that

=log2 xY - y log2 x

4. (a) If log2 x > 0, then x > 1; if log2 x < 0, then 0 < x < 1. -

(b) (1) If log
2

2x > b
'

1
then x > ;

,
if log2 2x < 0, then 0 <x < .

(ii) If log2 (-x) > 0, then x < -1

if log2 r-x) < 0, then -r < x < 0.

(iii) If log2 (x - 1) > 0, ;then, x > 2

if log2 (x - 1) < 0, then 1 < x < 2.

(iv) If log2 (1 - x) >b, then x 4 ;()

if log2 (1' - x) < 0, then 0 < x < 1.

(v) If 1pg2(2x - 3) > 0, ''then x > 2

if log2(2x - 3) < 0, then .3% < x+< 2
2

(vi) If log2(3 - 2x) > 0, then x 5 1

if log2(3 - 2x) < 0, then 1 < x <

215227
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4

3

4.

y = log2(1 - x
2

log 2(x + 1)

r
.log2[-(1 + x)] ,/

\

A -
/
/ 2 3 x

\
\
.1

y log2x

0

y = log
...o .... ..... .. ... ..."

...N.. /2 - / ./. /
= log2 ( -;) \\ // ../1- // Z\

\ / .1
\ 1

. x / / , i

1 i / 1 2 ? 3 4

i

. ,

1

11 I

1

,.

i

Y

3-
t

I y = log
2

2x

y = log x

220

220

,

y = log2 ;

x
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7.

- 5-6

y = log 22x
2

1

I

Y = log2(7 2x

y: log22x _

-

= log2(2(2x -_7,)

to.

7

-1 0 2

1

B. (a) 2
b = a

(b) log2 x3 = 5k

0 :. 25k = x3
i .

(c) log2zw = 4

.*. 24 = zw

-9- (a) log2 13 = x
3(b) (2)

2k
5

= = 0.6
-

log2 (0.6) = 2k

(c) (2-1)-3 = 'Dm

(2)+3 = ran

log2 mn = 3

.(a) , 1og2 2 = 1

(b) log2 4 = 2

(c) log2 8 = 3

(d) 1og2 16 =

5

ev

A 7

(d) log2 3-2 = -t

2 -t
= 3-2

or 2t = 9

(d) (2)3/2 = xY

kog2 =.

Qr Y log2 x

(e) log2 1 = 0

(r) log2-2 = -1

(g) log2 = -2

,(h) log2 =

.2212

177



- 5 - 6

ASP

1C4

(a)

(b)

(F)

(a)

(e)

(f)

(g)

CO'

(1)

(J)

(k)

(2)
. ,

(m)

(n)

--(m)

(p)

1 < logy 3 < 2, since '21 < 3-< 22."

2 log2 5 < 3, since 22 < 5 < 23.
a.

2 4 1" since < 23.-
2 6 < 3'

22 <"6
''

'2 < log2 7 < 3, since 22< 7 < 23.

3 < loth 9 < 4. since 23 < 9 < 24.

since 23 < 10 < 24.3 <,1og2 10 <, 4,

3 < log2 13 < 4. since 23 < 13 < 24.

4 < log2 18 < 5, since 24 < 18 < 25,

,4 < log2 31 < 5, since 24 < 31 < 25.

5 < log2 34 < 6, since 25 < 34.< 26.
6

5 < log2 60 < 6, since 22 < 60 26.

6 < log2 99 < 7, since < 99- < 27.

-1'< log (0.9) < 0, since
-1

< (0.9).< 20.
2 .

-1 < log2 < 0, since 2 < < 20.

-2 < log2 .(i) < -1, since
2-2 (3) 2-1.

2-2.-3 log2 (0.18) <.-2, since 2-3. < (0.18) <

(a) From Number le;:(a): 1 < log2 3
02.

Using Table 5-5:

log2 3 = log2 (2)(1.5)

= log2 (2) + loge (1.5)

I

Interpolation:

log2 .55 = 1.46453

^ log2 .52 = 1:500

log2 .60,1= 1.515.---
Z 1 + 0..59

1.5 51
X .05 2: .035+ 2.- .04

« 9

(b) From Number 4 (b): 2 <.log2 5 < 3.

Using Table .5-3:

log2 5 =14log2 4(1.2'

a 0

= log2 4 +.32erg2 1.25

2: 2 + 0.33,

2'.33

222

230
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5-6'.

From Number 4 (g): 3 <'1082 13.<4.

,Using TAie 5-3:

log2 13 ..1082 (8)(1.625)

= 1082 (8),.+ 1082 (1.625)

3 + .70

21 3.70

i''

. ,

13. 4a) log2 ,6 = log2 2.3 = 1082 2 + log2 3 z 1 + 1.59 = 2.59

(b) log2 12 = log2 4'3 = log; 4 + log2 3 m 2 + 1.59 = 3.59
.=

(c) 1og2 24 = log2 8.3 = 1082 8 + log2 3 z 3 + 1.59'= 4.59

(d) 1082 9 = log2'32 = 2 log2 3 z 2(1.59) = 3.18

(e) log2 27 = log2.32 = 1082 3 z 3(1..59) = 4.77
,1.,

(f) log2 169 = 1082 132 = 2 log2 13 m 2(3.70) = 7.40

i
1 (g) lo82.54 = log 2.33.= log2 2 + 3 log2 3 z 1 +-4.77 = 5.77 N

(h) 1982 36 = l0 4.9= 2 1082 2 + 2 log2 3 z 2 + 3.18 = 5.18
0

-

(1) log2 52 : 1082 4.13 = 2 1082 2 + 1082 13 = 2 + 3.70 = 5.70

14. (a) 20 = x, (d) "2
1/2

= x

:. ,x =.1 ..0x =

(b) 2
4

= x (e) -2-1/2 = x

= 16 1

2
-1'

= x 23/4
= x

. .-

-. ..., 1

x =
4=
2
r3-a- . x -,...--' . ,..

x =

F

223
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1

d.

O

15.c,Priqfly, repeating earlier development

11 + 1)! =1 +I 1 2
.+'

2n >
2

.n - 1)
log2 _2 > log2

n log2 2. > log2 n(n - 1) - log2 2

n.> log2 n(n - 1) - 1

-
n
,

l o g n(n - 1) < + 1

or alternately

r

- -

if 2n > n(n -
1)

{1

2

-(n 1)log2;.Sylog2 ,n(n - 1)

and n + 1 > log2 - 1).

2
n+1

> n(n - ,1)

41

f
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5-7

Solutions Exercises 5-7 .

-..log 3 .- logA 5, '

, 1. (a)'.' a 9 a
-1 3, (d) 8 0 ',

. , 3 log2 5 .

2 , = 125
40

2 log 3 . log, 2

a(D) a a = 32 (e) 16 q

2 log, '2

4 =4
5/7.

log2 vie,

32
//2 log_ 3

(c) a = 13-

2., 32 = 4
x
41=4 x =2

3a az. =a = a
m l+m 2)m 2m

= a' =

,4. loge (x

f )

1
5[-, log2 2)

2 ' = 2

= log; 1 = 0. For any real number x >

= loge x.I iog
a x

(1); since logs x + log* = 0,

logs .(1) = -loge x far x. > 0.0

5. For any real numbers x
1
> 0 x

2
> 0,

°

=loge
cX1

lo
4.1

)gakx1 )
kx - iogakx/ + loge

-

2 2 2

= loge xl logax2, from Exercise 4.

6. If f.: x -*ax,. f(1) = a, f -1(a) = 1. In/ether words logs a 1.

7. (a) 17 = 35

o ( b) =' 25

(c) log10 52 =,x, so that 10
x

= 25, or 10x/ = 5

225.
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b

5-7
4- . i"'\\ ,

8. logio 5 ='logil 10 - log10 2 = 1 - 0.3010 = 0.6990

1-34g10
(0. 2.' 10g10 1 - log10 2 = 0 - 0.3010 = -0.3010

loho (-42) = 10810 52 logio 22 = 2 loges 5 - 2 logio 2 a

8 = 7 logio 2 - 1oggio 5 ::: 2.1070 - 076990 = 1.4080t12

9. (a)' 1o8125,5 =
1

(b) 1og10 0.01 .= -2

(c) 10827 81 =

(d) 1°g0.04 (0x08) =

-(e). log16 2 = or' loges 2 =
2

10. log6 (x + 9)(x) = log6 36, hence x2 + 9x = 36

2
x + 9x - = 0 44- =.3 or x =

The only root of the givk equation is

1. (a) logic; 4 = 2.1ogio 2 =

- (b) 1410 6 = log10 2+.-logio 3 = r

(c) f1og10.$ 7 -3 .ogio 2 = -3r

(d) logio 10 = r t = 1

3.

(e) .log10 0.5 = log10 5 - log10 2 = t
a

log10 togio 2 - 2 logio 3 -= r - 2s

(g) 10810 l3=,logio 5: 2 log10 3 +ilogio 3 =t-is
(h) logio,8 3A-56. = 3 logio 2 t (logio.2 log,," 5)

tot
2 1(r t) (11r + 2t)

226
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"

(a), logit1000 = 3

'

(b) lo;0..01 0.001 = x-,#) (0.01)x

(c)
.1logelog (qi) =-log3 (3-4) = -4

(a) log4:(32) = x = 2

(e).*logiol(0.0001) = -4 since 10

'(f) %g.0,5 16 = x

(Ea 142 23 = 3

,(h). log10 =

(i) 1°g81 27 x <=>

= (10-2)x = 10

x = 2:5

-4
= 0.0001

4 (px 2-x 24

(j)

(34) X
= 33

log2 x
2x (25)1/2

AD

5+ 5= x 4 x= 10

=

-3
4=> x =(1.5

2
x +

19g10 '1°g10 x -
1

1
log10 3 .t=> x +-I = 3(x - 1)

(x - 1)

(c) (logx 5) (log7 7).= log7 5 4=;) = 7

14. (a) 1

(b)

(c) 10

15. (84'1

(b) For all real x > 0.

(c) For all real x > 0 where x / 1.

(d) logx 2x = 2 4 x
2

= 2
x

x = 2
x/2

'.o
Roots are 2, 4, obtained by trial or by grOhing

and y =2
xI2

(d)

(e)

(f)

5-7

,and x = 2

103 = x - 2

10-3

10
-2

= 2x - 1

x = 2

4=10 x -

+ 103

1 0-
2

i2f0
-

t

227
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16. (a) Show that if a > 1, then x -)loga x is an increasingfunction;

i.e., show that for a > 1, if xl < x2, then loga xl <loga-x2.

xl < x2. If a > 1, it follows that
0

loga xl log
a
x
2

a < a

and loga xl < loga x2. s

(b) Show that if, 0 < a < 1, then x log
a

-x a decreasing
4 .

function; show that for 0 < a < 1, if x
1
< x

2
, then

log
a
x
1

> log
a
x
2

.

Given: x
1

< x
2

. If .0 < a < 1, it follows that

a

log
9

x
1 > a

log
a

x
2

and loga xl > lOga

. loge b

17. (a) In (4) loga b - substitute x for b, and b forloge
a

/

,.then have loga x =
logb

logb a

to a)loga x, or using

loga x =.(logal b)lbgb x.

(5)

i.e.: In the first relationship. logb a is the constant of

proportionality; and in the second, loga b.

(b) loga x = 0, if x'"= 1. Therefore, the x-intercept is (1,0). e

loge b - ', logb b

18 log
a
b - (4). Let c = b, and we have loga b =

log a
c S

:. log
a

.1) - (5). 1 .

log
b

a
.
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Teacher's Comdentary'.

Appendix 1

`FUNCTIONS AND THEIR REPRESENTATIONS

A1-1

TC A1-1. Functions

Functions whose domains and ranges are subsets of real numbers are usually

,' celled "real valued functions of a teal variable."

Example Al-lb. The
is
tatqment that the range of thefunctions

f :
2

is the set of nonnegative reil numbers is equivalent to the

statement that every positive number p has a square root. This can be

proved in the following way. Let A be the set of nonnegative numbers whose

squares are less than p4 A is not empty since 0 is in A. A is bounded'

above, sayby p + 1. Thus, A has a least upper bound, s (Appendix 7).'

We cannot have s
2

< p for, if h < 1, then -

Thus., if

+ h)'2 = s2 + 2sh + h2

2 ,

= s + 11(2s + h)

.p. < s
2
-+ h(2s + 1)

4t,

,

.< s
2

+ 11(2p + 3).

2

h < min(1 ,

2
then (s + h)' < p and s could not be an upper bound for A. Similarly,

s
2
>p is impossible, for if

2

0 < h <
2s '

r

then (s - h)
2

> p, and thus s 6ould not be the least upper bound for A.
..

Hence" s
2

= p.

s.
229
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A1-1

Example Al-le. We can define Many other functions whose graphs are con-
.

-tained in the graph of x
2

y
2

25; we need only assign to each x 'either

AT: 7%r -47:xa. For-ample, for any a, -5 < a < 5, we have,
.N'

r,,25 - x , -5 < x < a

- f
a

: x

-45 - , a <.x,< 5,

- x2 , .x rational, Ix' < 5F25

{

or

-47-72 , irrational, I x I < 5.

However, the examples in the text.are distinguished by the property that they

are the only continuous fundtions defined on (-5,5] whose graphs are con-

,tained in the graph, of ;2 y
2

= 25.

4.

Solutions Exercises A1-1

1.- Below are given examples of associations between elements of two sets.
Decide whether each example may properly represent a function. This also
requires you to specify the domain and range for each function. Note that
no particular variable has to be the domain- variable, and also some of tbe.
relations may give rise to several functions.

Note that answers Opplied are not necessarily the only correct ones. *.-"

They arelike the, examples, merely sa4les,of.the kind of ideas that 4

ere possible.

(a) As.ign to each nonnegative integer n the number 2n - 5.

This is a function with domain the, set of nonnegative integers arid

range the set of odd integers not less than -5. t

(b) Assign to each real number Z the number 7.

A constant function. Domain the set of real numbers. Range the

set consisting of the one element, 7.

(c) Assig&to'the number 10 the real number y.

''Not a function.'

r. .



R1-1

0

(d) "Assign to each pair of distinct points in the plane the distance
between them.

d

A function whose domain is the set of all pairs of distinct ants

in the plane and whose range is the 'Set of positive reel nutters.

y = -3 (for all x)

May represent a function (constant), whose domain is the set of

,reaamalagra. The range is (-3).

(19. !X.= 4 (for all y and 22):
4i . .4.

Not a function if x is considered lle domain variable. It is a

functionif the set of ordered pairs (y,z) is considered the domain

with y and z real numbers. The range is (4).
. A ,

(g) x + y = 2

A function, domain = (x : x is a real number) and

range _=/(y : y = ? - x), .6r vice versa.

(h) y +3
t.

4% function, with domain the set of all real numbers and

range = fy : y > 3).

If y is taken as the domain variable, the range set must be

restricted to avoid ambiguity, and if the range is restricted to

reals, the domain may have to be restricted to real numbers >.3.

(i) y2 - =x

K

If x is an element of the domain,-this equation does not define a

flInction explicitly. But x y = x > -42 wand

: x y = .477147f x >_-4; IreAIKEtions 'whose ranges are the

nonnegative and nonpositive rea grs, respe ively. Also

h : y x = y2 - 4, Y")< > 2, is a ncti6h,whose range

(is (x x > -4).

#



A1-1

(j) y < 2x -

Not a functi n.

(k) f(x)

funct . Usually, tlie domain is restricted to the set

(x : 4 < 4) so/that the range will, be real numbers, here the

interval (-4,0]. Complex number's are not used in this- eourse in

the calculus.

?(2 y2
16

This equation does not represent a function Txplicitly. See part

(k) for one possible function obtained from this equation:

2.

4

(g)

0,2)1

Y.

6

232

240
r



1

(i) (k

.c

3. A function f is completely defined by the table:

x 012
f(x) -3 1 5

(

3- 4

9 13

a) Describe the domain and range f f.

Domain (0, 1, 2;13, 4). Range = (-3, 1; 5, 9, 13).

A1-1

(b) Write an equation with suitably restricted domain that defines f.

f(x) =44x - 3, x, an integer, and 0 < x < 4.

. If f. : x
2

X

="-4

(b) f(2) = 6..

(c) f(-1)' = -6.

s

Gra
I

C

1-4

3x - 4, find

(d) = 3/3- - 1. A,

.-4e-

(e) f(2 - = 8, -

(f) ff(1) = f(0)

233
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A1-1

5. If g is a function defined by

;IR

(a)
4

(b)

g(x) =
2x

, find if popible:

67:7

g(0) = 0 (d)

g(1)-= 1 F (e)

g(-1) = -1 (f)

g(2) = 4

g(-3)

g()
undefined.

6. Which( of the following mappings represent functions?

(d)

(c)

AwFoi1/4

444

(a), .(c) and (d) are
- -

functions.

; ,

7. Given the function f.: x-- x and g

number,'are f and g tifb'same function? Why

Ct

,

,If 'x -is
.

Erraal
4

Or Ilpt?"

They are NOT the same function,.since x = 0 is,not in thedomainoi g
,

but is in f.

234
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-\*.rairrosat
'Al71

V
2

-
8. Given the functions f : x + 2# and' g,:

x
If x is

X - 2

real, are f and g the same function? Why or why not?

Theyare not the sate function, since x = 2 is hot in the domain of g

but is in f.

4

9. What number or numbers have the image 10 under the following mappings?

(a) f : x

(b) g : x

'(c) h x

(d) a : x

(e) 0 : x -Ex]

x = 5

x =±:i175

x 4- 8

x it, -6

10 < x < 11

10. Which of the following stat67ments are always true or any function f

assuming that x
1

and x
2

are in the domain of

'(a/ I xl = x2, then i(xl) =if(xi)-

(b) If x
1

/ x2, then f(xl) /f(4)'

.(c) If f(xl) = f(x2),. the(xi = x2.

(d) If f(xl) / f(x2), then, xl / x2.

f

(a) and (d) are always true.

11. If f(x) = Ixl, which of.the following statements are true for all.real

numbes x and t?

(a) f is an odd function.

(b) f(x2) .-1 (f(x)2 .

(b) and (d) are true statements.

(c) f(x - t) < f(x) - f(t)

(d) f(x + t) < f(x) + f(t)

Ara

23,
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A1-1

12. Which of the follo ng functions are,even,owhich are odd, and which are
. neither even nor odd

a

t

(a) f x 3X

(b) f : x -2x
2

+ 5

(c) f ; xi x
2

- 4x-+

(d) f : x -2x + 1

(e) f : x AO^ X3 4 .

(f) x x3 - 2x

2
lix

(g)' f ! x

i/x2
(h) f : x 6- 2

1.11413. Which of the 4 bWing graphs represent functions? ,-.
.

odd.

even

neither

,P neither

neither

'odd

neither

even

O.

(a)

.( b)

I
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(e)

a,d, e and could represent functions.

14. Suppose that f x f(x) is the unction whose graph is shown.

Sketch the graphs of

(a) g : x -f(x)

(b) g : x f( -x)

(e} g : x

N
(d) g : x f(lx1)

237

2 4 ra/
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15. A function f is defined.by f( x) ---1 1 TIT
0

Idenify this function and ketct1, its graph.

The signum function.

TP
for x 40,

for x =

0

-1

Sketch the graph of each function, specifying its domain and range.
In each case, the domain is the set of all 'real Isabers.

Range: all nonnegative

reels.

Range: all nonnegative reels.

Range: all nonpositive

reels.

238'

Range = (y : y < 1)

246



Range: all nonnegatiive

reels.

4
(f) x ).. ix) + -

'(Hint: "Tonsider separately
the thrle possibilities:
x < 0, 0 < x < 1, and

x > 1.)

-1.

3

2

1 2

Range = (y >,1)

(g) f : x sgn x

1

C.

x

(h) f x

Range:

ty

-3

all integers. ,

(1) f : Mx

:Range = : y = Q or y > )
2

(j) f x[x]

Range = (-1 0 , 1)

-2 -1 1 e 3

Range = (y :,, y > 0 except

y = n
2

- n, where" .n. 'is an

.integer >2) .

.q37



Sketch the graphs a± the functions in Exercises 17 to 19. For those functions'
which are periodic, indicate their period: Indicate those-functions which are
even or odd.

Functitin is EVEN*

L 248
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qt

( f x 2x2 - 2[x2, (d) f - 2rxj2

18. (a f : x a - [ax] , a > 0

1 "
(b) f x 5x 42:c] [34

. s

-2 -1 1 2

1.0

Periodfc: p=
1

7

A1-1

Note that .ihe slope of each

piece is

1. I
s

, ''..

eV/
e.



Note that f(x) = g(x) + h(x) Where :g(x) = 2:s - N and '

h(x)`= 3x - [3x] twolperiodic functions like that of part (a),.,.

1 1
Functions 4; and h have periods y and 5, respectively; hence

g + h is periodic andits period is the least common integer

.'
m?-

1 1
illtiple of y and -j. , which is 1 ; i.e., 2 .

1
- = 3 .

1
-f = 1. In /

3,
1 general, if two periodic functions fl and f2 have periods pi

N''',440nd p2, respectively (p1',p2 ,positive real numbers), and if there

exist integers n1 and n2 such that nip). = n2p2, then fl ,+ f
2

is periodic with per12.51_111D1.

, r 42

Note also that the slope of each piece of the graph of f is 5.

(c) X x()/ + 1) - [xii - [x]

-

t -4 -1 1 2 1 f

-3 7E- 7. -1,,
,Tai 2.-/F -1/1 3

In this case, f(x) = gx) + h(x) where 'g(x ) = x)/ - Cx4 and

,11(x) = x - fx;r.
3

and 1The periods of g and h are

)/;.

respectively, and since these numbers are incommensurable,

f = g + h is not a periodic function. Note that the points of
1 .

discontinuity Occur at the_integers'and at integer multiples of

1
.

The slope of each piece of the graph of f is I +

if .

,

248
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+ sgn x
19. (a) f :

2,

l This function,is also called'

the Heaviside Unit function

/ and is d&signated by '

1
f : H(x).

S

ti, (

,,A1.1

y

(b) f : H(x) + H(x - 2) (d) f : x 2)2 H(x)

a

E '(c) f : H(x) H(x -

.

y

J
(e) f : 11(x) + H(x- 2) +H(x -4)

x

a,

t
- 243
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(f) f-: x 1--H(x2 2 2)

1 2

(g) f : x (sgn x)(x - 1)2 + [sgn(x - 1 x2

4

e

20. If f and g are periodic functions of periods m and n, respectively,
(m and n,. integers), show that f + g, and f g are also periodic.
Give examples to show that the period of f + g can either be greater or
less than both of m and n. Repeat the same,for the product f g.

-4
('Note: 'The problem in the text lacks the condition. and n, 40

integers. ") a.
Stnce any integer)mlltipleof -a period is also a parcod, f + g and -

f 13 are periodic with period mn

fundamental, peripd.

However, this may or may not be the

Ld

. 244
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f

1

g(x).*= _2nx

If we choose f(x) = sin nx (period 2) and (period 3),
3

then f +.4 and f g both have period 6.

2nx
If, however, we choose f(x) = sin --- (period 3) and

3
2nx

g(x) .= sin nx - sin --- (period 6), then f g has period 2.
3

4

'4-`k,*

If f(x) = 2 sin nx (period 2) and g(x) = cos nx (period 2), then

1'(x) g(x) = sin 2nx which has period 1.

21. (a) Can a function be both even and'odd?

cr
Yes; only f : x 0.

(b) What can you say about the evenness 15)r oddness.of the product of

(1) an even function by an even funCtion? EVEN

(2) an even function by an odd function? ODD

(3) an odd function by an odd function? EVEN

ate '

..(c) Showthat every-function whose domain contains whenever it

contains x can be expressed as the sum of an even function plus

- an odd function.

,3f(x) + f(-x) f(x) - f(-x)

2 2

EVEN ODD

22. Find functions f(x) satisfying f(0 f(-x) = 1 (called a functional

;equation) .
-, ...

(---Suggestion: Use Numbe-I,. r 21(c).

' CilikLet ,f(x) =,E(x) (900 where E is even and_ 6 is odd. Then
-, --.> -1- "

, - -, , ' -r,,,- , , ,
f(-x) = E(x) - 6(x). Using we have

a

f(x) f(-Y) = E2(x) z 02(x) ='1. Hence, E(x) = )1 + 02(x) and

- .

f(x).=.1 + 02(x) + 6(x), where' 0 is an Arbitrary odd function. For

example, .-44,
; ''..r.

..
.,

6(x) = x , 0 I 1:.+ x + x;

6(x) = tan x , f(x) = sec x + tan x.

,t
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A1-2 °

1

AlternatiVely. Let f(0) = 1 or -1 andblet f(x) be an arbitrary
1nonzero function for x'> O. ,Then define f(;x) ?FT for x > 0.

This construction gives the entire claps of.'fnctions satisfying the,

given functional equation.

23. Prove that no periodic function other than 4 onstant can be a rational
function. (Note: A rational function is the ratio of two - polynomial
functions.)

' Our p roof is indirect. Assumethat.there'exists a rational function

(P,
Q, polynomials),,which haela period- m > 0. Let k denote

P(x)

.(1777
0

the value of the function at x = a where Q(a) -/ O. Now consider the

polynomial'equatlon P(x) - kQ(x) = O. Thia polynomial vanishes for

/ x = a + nm, n = 0, 1, 2, . Since a polynomial of degree d can
have at most q roots, we get a. contradiction) and thus our initial

assumption is false.4
4

TC A1-2. Composite Functions;'
'4.

In the introduction to this section it is sqggested- trthe operatiof- A
'composition for functions has no counterpart in tile- algebra or'~numbers. How-.

ever, the set P(A), consisting of all One-to-one mappings of the'set A
onto itself, wi h t operation of composition karg the following properties

(ye denote de inverse of f by f-1 and the identity function by I ):

(1)- If g, h; £ P(A), -then gh.'sP(A).

'

=,g(gh) for all f, g, 4, s R(A).

(iii) fI = If = f gor all f E P(A).

(iv) ff-1 = if =.I E P(A)_._,

These are the postulates for a group, Thus, P(A) shai.es the same algebrai c

structure with the positive reels underImultiplication, with the reale under '

addition, and many other familiar groups.

44

Group Postulates:
(i) A non-empty set having closure with respect to an operation.

(ii Associativity.

i

,(iii I The existence of an identity element.
.(iv The existence of an inverse element.

. .

j
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Solutions Exercises A1-2

1. Gi ;len that .f x x 2 and g : x x2 + 1 for all real x,

find

.(a) .f(2) + g(2) ". 5.

(b) f(2) g(2) = 0.

-(c) fg(2) = 3.

(d) -gf(2) = 1.
1

(e) f(x) + g(x) = x2 x 1.

( f) f (x) * g(x) = x3 - 2x2 + x 2.

(g) fg(x) = x2 - 1.

(h) :gf(x) = x2 -14x + 5.

2. If f(x) = 3x 2 and g(x) = 5, find

)

(a). fg(x) = f(5) = 17..

(b) gf(x) = g(3x + 2) .= 5.

4

11.

Al-2

3. If f(x) = 2x + 1 and g(x) = x2, find fg(x) and gf(x) . For what

values of x, if any, are .fg(x), and gf(x) equal?

2
fg(x) =2x +1; gf(x) =4x + 4x 1. 4

,

fg = gf when ex + 1 = 4X
2

+ hX + 1, or 2x
2

+ 4x = 0, or

x =-0, or -2. ,

4. For-each pail. of functions f and g, find the compogite functions fg

and gf, and specify the domain .(and, range, if possible) of each.

(a) f:x----1 ;g:xP- 2x - 6

(b) f: x
1 ; g; x

2 -4

(c)
1

!,t7c

.

(d) f x x2 ; g

:

: x 1/3-t

(e) f : x --g x2 ; g x P.

(f) : x ; g : x

..>e
2117
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(d)

fg Domain Range gf Domain

1

,

3.,

27:7

1 .

, x 3

x / '2,-2

x > 0

x > Q

x < 4

'x > 0

Y 1
y / 0

S

.

y > 0

y > 0

y > 0

4

'y < -1

2:- 6
x

4 2 -4
x

II
x

lx1

x / 0

x / 0

, .x > 0

o

all x

[-2,2]

function

;

2
x. 4

'

1

147

x

4 t

-x .. 1

A A - x
2

Not a real

Given that f(x) = x2 + 3 and g(Z) solve the equation

fg(x) = gf(x).

nge

; 0

>0

0,2]

.s.

fg(x) = lx + 21 + 3 = g475 -= gf(x) ifandonly if

x
2

4x + 4 + 6Ik + 21 + 9 =.x
2

+ 5 or + 8 + 61x + 21 = 0, whence

x = -2.

0
Not The use of "if and only if" requires absolute value.

Alternatively. Solve x + 5, -40.775 for .bhe.set of possible, solutions
,

and then check the results iri the original equation.

6. SolVe Problem5 taking g(x) = 6777.

No- solutions.

V
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q. Describe functions f and g such that gf equal:

-'

(a) 4;2)* - 4

'(b) 2x - 5)3

(c)
2x - 5 D

(d)
a ;

(e) (x4)2

f(x) = x + 2 g()s) = 3x - 4

f(x) = 2x 5 ,g(x) =

f(x) = 2x 5 ; g(x)
.x

f(x) = x
2

- 4 ° ; g(x) =',/;

f(x) = x
4

; g(x) = x
2

. ;

1

i

e answer is n"nique. A simple answer may be f(x) = x and q(x)

equa to function shown. The functions shoWn 'above are typical'of those

used later. ;

8. For each paizt of functions f and g, find the composite functions fg

and gf and specify the domain (and range, if possible) of each: Also,

sketch'thegraph of each, and give the period (fundamental) of those
which are periqdic.
(a) f : x 1x1;, g :'x - 2)

fg(x) 1 sgn( x 2) 1 . gf(x) = sgn(lx1 - 2)

Domain: all reels;

Range: (0,1)

Domain: all reels;

Range: (-1,0,1)

v-*7-'
. '41
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(b) x 1x1, g : x -1- 2sgn(x - 2) - 1

fg(x) =,12 sgn(x - 2) - 11 gf(x) = 2sgn(lx1 - 2)'- 1'

Domain: all reds;

Range: (1,3)

2

1

1 2

-1

-..- Domain:

Range

all reals;

(1,-1,-3) ---

Y

9. yhat,cay you say about the evenness or -oddness of the composite of an

(a) even function of an even function?

(b) even function of an odd furiction?

(c) odd function of an odd funCtion?

(d) odd function of an .even functiOn?

EVEN

EVEN

ODD

EVEN

10,. If the function f is periodic, what can you say about the periodic
character of the composite functions fg and 'gf assuming these exist. "

is an arbitrary function (not periodic). Illustrate by examples.
gi. _. .f --x il -....;1: ...1 ...!_'-....111_

tt

.gf has the same erica as ----fEin--d---e-a smaller fundamental period.

fg need not be p iodic.

i

-Examplel- f : x x,

g : x -. x
2

period -2n;

.
gf': x -4. (sin x)

2
period Tr;

fg : x sin %2

250,
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.1

11. If the functions f and g are each periodic, then the coffiposite func-
tions fg and gf (assthued to exist) are also periodic. Can the period
,of either one.be less than that of both f and g?

A1-2

'Yes. If f(x) = sin'yx , and if g is defined by

g(x)

"-r

4

Since g(x + 2) = g(x) = g(x - 2)

1 , 0.<:x ..<%1

g(x) =

-1 , 1 < x <2

and g(x + 2) = g(x), (g is called

the square wave functio0'.. Then

fg(x) = 0 for all x, and fg has

any period p > 0. The period of

gf is 2.,

-1, -1 < x < 0

g(x) = 1, 0 <.x < 1
0 .

-1
'

1 < x < 2

'and

-1, -1 < sin yx < 0

g(sin yx) = 1, 0 < sin.,X < 1

r e 71, 1 < sin,yx < 2

and gf has period 2.

-7-

nti

1. 2 3 4 . 5

414,

0
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r

1"1

co

C.
np

-



Al+-2

12: sequence a0
a
1,

a
2!
, an is defined by the equation

a
n+1'

= f(a
n
), n 0, 1, 2, 3' ...

where f is a given function and a0 is a given number. If a = 0

xand, f : ITT7, then
a
1 f(a0) =.

= = ff(a0) =

a
3

= f(a
2
) = ff(a

1
) = fff(a ) -

0
2 + )(27:7,74i.

q,Show that for any n,

(a) a
n
<2.

a Induction:

ZDr n = 1, a = IFITT = /E < 2.
1 0

Assume a
n
< 2 for n =.k.

'-.'' .

Then ( ak.o. =42777; <Z747.75.

r

0:4 a
n

>,2
2
n-1 /

n > 0.

.

<2

40.

The statement is true for n = 1. Suppose it is true for n = k.

r

41.

Q.E.D.

Then an+k = ,(2777:

(ak+1)2 - 4 = ak -

ak

2 - a =
2 - a

k
2 -

k+1 2 + a
k+1

2

4

2 - (2
1

)

4.2k1G
2

1 4

2k

from which iike conclusion follows.

252
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13. a. it, a I n = g =
n ? 0

t .
11'7.Y

,

fi tid an as a

of te.and , n, for the following functions f :. . -

(,a).... f :*** .- a 4- bx . or
.. .,, -...uf-, ... , --Nk_\

ao = p. .
- `--lit-'

---:"i(a r= + bp,
..,

v 1 0,- . , ,.-, .; . .
. a2 -1 f( al) = a *Ala +43.0 .

A1-2'

funCtifon

. t

a "...J.f(a ) = a 4. -ab, + ab2 + ... +c-'41on-/- + bnp.
n-1 , . N.,

(b) f : x

a =
0

hl

al 1

a- =
0-

al
=

U

a
2

/1 : (1 P2)=

4-7
2r1

1111 , and a
2nla

- f o r n > 0.

253 ,/
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TC .A1-3. Inverse Functions'
1.

. .
i 4

i
1 -.._,' . . ,

.Given any set A,
'

'a-relation R on, A is a rule which permits us to

I
. Al -3

say for any pair (x,y) in A whether or not x 'has' has not the relation

R to y. If x has th'e relation R to y th e write x A y,; if not,

we write x y. Thus for the relation < we have 1 < 2 While 2 7E 1. The

graph of a relation is the set of ordered pairs (x,y) for which x-R y. ,Thus,

the graph of the relation < is the set of points, above the line y = x. Con-

sider the relation x R y if and only.if x
2
'4- y

2
= 25. The graph of this

relation is the circle of radius 5 with centerat the origin.

We have defined the inverse 6..f.a function only when the function

,isk one-to-one. Moreover, we have re4Uired that the domain of the

inverse of f be the range of f. Thus, although sin(arcsin x) = x

for,all x in the domain of arcsine, sine is not the inverse of

arcsine (i.e., arcsin(sin x) = x is not true for all x). For

thesetreasons it is essential that the definition of a function/

ca(ry with it the domain of the function. Thus the functions

f : x sin X
IT <<
2 2

°

x -Am. sin x x R

are distinct, even though we may tby a convenientabuse,of language)

Ob.

call them both by the same name, sine.

The situation thatrAe have just

funlion f there is a functir g,

fg(x) = x for each x in the range

preimve Of x tone must exist since x is in the range of f). Other ,-

authors sometimes' designate, g as aright inverse of f and f as a left

inverse of e. The one-to-oneness of f is equivalent to the requirement

that
f has, both a right and left inverse or the requirement that f has a4,

right. inverse.,

4 0

described applies generally. Given any

defined on the range of f, satisfying

of f. We simply require' g x a- any

ti

NI 255
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.SolutionOxercises A1-1
o

,, ..
9

-1. What is the reflection of the line y = f(x) = 3x 4.11 the line y 4 x?
Write an equation defining the,inverse,of f.

.7.tt

x = 3y or
x

e
2.- WhiCh points are their own reflections in tree line y = x? What is'the

graph of all such points? -RtD

Those pOints with ordinate equal to abscissa. The'graph.is the line

y =Z.

3. (a) Find t he slope of the segment from (a,b) to (b,a), and prove
that the segment is perpendicular to the line' y = x.

Slope of line from (a .,b) to (b,a) is

a - b
b - a

1:

Slope of y = x is 1.

O

Since, product of slopes = -1, the lines are Perpendicula.r.
.

(b) Prove:that the segment from (a,b) to (b,a) is bisected by the
.line.'y = x.

Let the point of intersection be (x,)0; then

"(a x)2 x)2 )/(x b)2 a)2.

4. What is the reflection of (1,1) in the line
7

(a) -x = 0? (c1,1)-

(b) y = 0?

(c) y = -x? (=1,-1)

(d) y = 2?

(e) = -3? -7,1)

1

4,"':

256

. 2 6 4 3



'Al-3

5. Describe any function or functions you can think of which'are their own

inverses.
.410.

Any function whose graph hSs y = x as an axis of 'symmetry; e.g.,

f(x) = x, c - x, 1,
1

x '

l 147-7 for 0 <x <1.

6. ,An'equation or an expression (phrase) is'said'to be symmetric in x and

y if the equations or the expressions remain Unaltered by interchanging

x and y; e.g., x
2

+ y
2 = 0, x3 + y3 - 3xy, Ix Y1 = Ix 4: Ylr

x - xy y. It follows that graphs of symmetric equations are symmetric
about the y = x 'line.
Geometrically, we can covisider the line y = x behaving as a mirror,
i.e., for any portion orthe graph there must also be a portion which is
the mirror image: The equation

x + y
4

= a
4

is obviously symmetric witbrespect to the line y = x. What other axes
of symmetry ;mirror type) does it have?

The x; and y axes and the line y = -x. (Note: The graph is not a.

circle.)

7. The expression
a, + b + la -b1 + 2c + la 4. b bl -2c1

is obviously symmetric in a and b. Show that it is also symmetric in

a rand c.

e have to show that
.

a+b+la-b1+2c+la+b+la-b1-2c1=c+b+1c-b1+2a+lc+b+1c-b1-2al.

Consider the-Si3GpossibIR.--order relations

(1) a > b > c,

(2) a > c > b,

(3) b > c > a,, etc.

, -

For (1) and (2) we have 4a = 4a; forf(3), 4b= 4h; and similarly"-,

for the other cases.

Another solution follows by noting that the given expression is also

4'maxfa,b,c). 'which is obviously symmetric-in all three letters a
r

.c, as well as any pair.

257
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A1-3

[

Fincrthe Inverse of each function.

(a) f. : x 3x +-6.

(b) f x -4. X3 5

(c) f ti.X -4" x 3,

x
g : x

46

x + 3

1/3

4

9.' Which of the folliwing function's have inverses? Describe each inverse by
means of a graph or equation and give its domain.and range.'

(a) f : x Has no inverse.

(b) f g x x
2

Domain and range: all

nonnegative real numbers.

(c) ,f x 41r ,lx1 Has no inverse. ;

(d)' f : [X]

(e) f : x xlx1

Has no inverse.

g: x 4T sgn x

Domain and range: all

real numbers.

(f) f x sgn x Is no inverse.

10. As we have seen, f : x x
2

for all real x does not halm an inverse.
Do the following:

Oa) Sketch graphs of fl :-x x
2

for x > 0 and f2 : x x
2

for

x < 0, and determine the inverses of fl and f2.

Whdt relationship exists among the domains of f, fl, and f2?

(fl
is called 'lie restriction of f to the domain (x > 0),

and f2 is s.milarly the restriction of f to the domain

(x 0). )

258
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(a)

Y,

p

( b)

fl

A1-3

400. f
--- -

f
-1

l

2

f
1

(x) = i7

Domain of f = 'Domain of

x

f
2
-1(x) =

f
1

LJ Domain of f
2

x

4

s

.

': 11. (a) Sketqh a graph of f : x --4- lir-72 and show that f does not ,he.lte

an inverse/.

;94

Each image (except. 2) -has-

two preimagest hence, f .

does pot havean inversd.

(b) Divide the domain of f into two parts

to either part has an inverse.

1

259

such that the restritidA oft

-

Domain = (x : 0 < x.<

Domain = (x : -2 < x < 0)

1
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.73

(c) Write an equation defining each inverse of part (b) and sketch
the:graphs.

a

st

ti

12. 'Llo Problem 11 for f : x x2 -11.x.

('a)

g
2'

,-4 - x2

(b) fl : x
2

4x

Domain (x : x > 2)

260
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1

0

(c) gl : x
2 + x

y

2

tRi =

0

Al -3

g
2

: x--.. 2 - 14-477

I

13. Given that f(x) = 3x - 2 and g(x) = -2x 4- k, find k such that

fg(x) = gf(x). For 'this value of k are f and g inverse to one

another? Give reasons for your answers.

470. 3(-2x + k) - 2 = -2(3x - 2) + k only 'for k = 3;

x / fg(x) = -6x + 7 = gf(x) = -6x + 7- / x.

The composition of two functions which are inverses is always the

identity function, which is not the cade-tere.

14. PhoW that f --b- x2 - 4x + 5' for x > 2 and g : x -4. 2 +

for x > 1 are inverse to one another by showAg that fg(y) = fOr

all y in the domain of g, and that gf(x) = x for all x:
,

in the
.1101

doMiin of f.

14i

fg(y) = (2 + 1577i? - 4(2 + + 5 y, y > 1;

gf(x) = 2 + x2 - 4x + 5 - 1 = 2 +//(x + =x, x >2.

15. If f(x) = (2x3 +.1)7,. find at least two functions g such that

fgx) = gf(x).

One solution for g will be the inverse function of f or

1:0040'

g(x) ./137/7715 Othei simple solutions are g(x) = x and
2

g(x) = k(constant) where k = f(k) = (2k3 + 1)7. This equation his at

least one negative real root.

261
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TC A1-4. Monotone Functions

I .

Example A1-415. The comments (TC Example A2 -lb) about the existence of a

square root apply equally well to the existence of n-th roots. The same idea

prove$ the existence of n-th roots. Thus, let A be the et of nonnegative

numbers whose n -th power is, less than p. Since 0 e A and p + I is an

upper bound for A, A has a least upper bound s. For h < l

n

(s + h)n = sn .+ h
hk-l

< sn + h(n + 1) :sn

< sn + h(n + 1)1.(p + 1)n,

1

n

(s h)n sh E Tdsn-k hk(..1)k

k=1

>sh - h
tnNsn-k hk-1 (_1)k-1
`kJ

k=1.,

k odd

> sn - h(n + 1)1(p + 1)n.

Ths, de in TC Example Al-lb we can have neither s
n

<: p nor s
n

> p. There-

fore s
n

= p.

As stated in the text,

f : x
n

n an odd natural number,
.

is a one-to-one function for all real x,, and hence its inverse

- nr- 0
g : n an odd natural number;

is one-to-one for all real y. This raises notational problems. Since we

write, for example, biZ-7.= -3, it is customary t write 3 -y = -y for.
all real y. In Chapter 5, however,,fractional exponents are introduced,

and we define a
lin

only for a > O. Thus we write 3fY = Y
1/3

only for
,

y >0.

a
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t _
. . :,,- I.

.-

One reason for this restriction is that,it preserves the lads of eXponentS,
.1 ,..?

in particular

k

{

(xlai)n L x111,..
.

Otherwise, the following ambiguity wpuld.arise:

[(-8)2/3]11=
(-8]1/3 =

C()2/3)1/2 (4)1/2 `

There is an alternative Way of :defining the inverse of

f x x3 =,y, for allsreal and y,

which you may wish to consider. If

X = (sgn y)
,

For example f :x3' -8, then

x3 = y,

Y1/3

-13,11/3

if y >

if y < 0; p

-x = ( = 4-811/3 s-- -2,

We do not write (-8) 1/3

Solutions Exercises A1-4

1. Prove that f x x2 for x > 0 is a strictly increasing function.

(Hint: Let x1 > x2 > 0; then x
1

- x2 > O. From this show that

2 2.)

xl x2

x1 > x2 > 0 + x2 > 0 and xi - x2 > 0 :- x22 > 0

20
271
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t,

*2. _Which of the follpwing functions are decreasing? increasing?
decreasing? striktly increasing? In eacii',case the domain is the set
of real numbers unless otherwise restricted.

(a) 4 k c a constant Increaing and decreasing.

(1?) f2 : x x Striftly increasing

(c) f
3

: lx1 Not monotone.

(d) f4 : x 0- [x]

Indreasing.
(e) f5 :x sgn x

a
.(f) f6 : -x2, x < 0 Strictly increasing.

(g) f
7

: x -o- -ii, x > 0 Strictly decreasing.

e
(h) f

8
:x-..- xlx1 Strictly increasing.

(1) f
9

:x---..- x + Ix) Increasing.
,

(i) flo : x 44-ix) + Ix 11,

(k)
f11 .

x Ix-11 + Ix -31
Not monotone.

(2) gr : x
3
f, (x)

(m) g2 x
4f3(x)

3. For each function in Problem 2 which ,is not monotone, divide its domain
into parts such that the restriction of f to any of these parts, gives
a monotone or striatly monotone function.

(c) x < 0 and x > 0.
.

(j x < 0 and x > 0 or x < 1 and x > 1.

x<1 and x > 1 or x < 3 and, x > 3.

CO x < 0 and x > O.

(m) x < 0 and x > 0.

See footnote in Al-4.
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. We are given that the function's

r? r
f
1

is increasing,
. ' r '

--e- f
2

Cs 'strictly increasing,

ip E
r

g
1

is de ,easing,

(t 72
is strictly decreasing,

in a common domain. What is the monotone character; if
following"functions; ..

(a) f1.+ f2,

(b) f2

(c) g2,

(d) g2 f
1,"

(e)
Fl f2,

(f) f
2

gl'

gl g2'

(h) g
2

f
1,

(i) f1f2,

\i(j) f
2
f
1,

(4' f2g1,

(2) g
1
f
2,

/

(m) glg2'

'(n)

rr.

Strictly increasing.

any, of

licit necessarily monotone.

,Strictly decreasing.,

Not necessarily monotone.

Ao

/

} Increasing. -

Decreasing.-

} Increasing.

Decreasing.

,

,40

4

the'

AV-Ipr
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. ot
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9
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TC A1-5. Polar Coordidaeas , r.. i

r
v- ....---,

N .
.

1« a c.

Researtes introduced oblique axes ps well as perpendicular-axes. '1The

only reason that rectangular coordinate axes are preferred to oblique axes
x

(at an angle e, 0 < e <
2
) is that the formula expressing the distance

betweenpoints would become more complicated (by in the familiar
,

Law

of Cosines).
....

1
.

Solutions Exercisgs.A1-5

1. Fi d all polar coordinates of each of the following points:

( (6,i) = 2ng), (-6 , n + (2n l)x).

(b) (-64)#= (-6 + 2ng), (6 + (2n + 1)4.

(c) = (6, - + 2ny), (-6 , - + (2n +'1)y).

(d) - = (-6 , - +2n7r), (6, - + (2ri +1)7)
.

2 Find reglangular 'coordinates of thg points in Number 1.

Si

(a)

,,(b)

(c)r

(d)

(e ,

(-6'

(6 -

(-6 ,-

3/2")

,= ( -3Z, -34

= , -34

= 3))

OO

5. Find bolar coordinates of each of the following points given in.rectangu-
-: lax. coordinates: '

(4112- , - + 2nx)

) = (3 , 2nn)

('c)° (-2 ,-2/j)= (4,1 + 2nx)

(a) .(0, -3.0) , it + 2ng)

I
(e) ( 70) (3, (.2n + 1)v)

2662 74
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4
'

f

% -

(f), (-3,4) =,..(-5

(g) = (2 , 6 + 2ng)

(h) (1 , = (2 , 141 + 2ng)

4. Given the cartesian coordinates

polar coordinates (r,e) for 0

or (:5 , (aratant- Lk) -+ 2nt)

3

(x,y)-'of a Oint, formulate unique

< e < g. (Hint: use arccos .)
r

arccos
x

-72)

A1-5

5. Determine the polar coordinates of the :3 vertices of an equilateral
triangle if a side of the triangle has,iength L, the centroid of the
triangle "Coincides with the pole, and pile angular coordinateof a vertex
is e

1\
radians.

-

7
The centroid is at the intersecticin

of the medians.

3 2 3

from centroid.

= distance

Coordinates of the
/

(3
t lq- L , e , ,

3 1
N

3

1' vertex

vertices are:- . li-

t

4' 2g ) (.1:L e +
3 3 ' 1 3

.1

b. Find equat ons, in polar coordinates, of the following' curves:

(a) x = c, c a constant:

b) y = c, c a constant.

(c) ax + by = c.

(a) x2 + (y - k)2 = k2.

(e) y2 = 4ax.

2

(f) x2 - y2 =

6

r cos e = c

r sin e c

r(a cos'e + b

r = 2k sin e

ra-sin2e = r

4a cos e
Or r

1 - cos
2
e

267

r
2

cos 2e = a
2

sin e) = c

4a- cos

e = o



/ 7. Find equations, in rectangular Coordinates, of the following curves:

(a) r = a.

-,(b) r sine 4. -5.

."(c) e = 2a tin O.

1
(a) r -

1 - cos e

x
2

+ y
2

= a
2

Y = -5

2 %2 2
x t ky - a) = a . See Number 5(d).

174.7 -,x = 1,

2 2 2x+y =x + 2x + 1,

2
= 2x +`1., or

1 2 1
x =-2y -2.

2
. ,2_

(e) r = 2 tan,e. x
2

t y
2

= or

X

x
4
+ x

2
y
2

- 45r
2

= 0.

,8. Derive an equation in polar coordinates for conic sections with a focus

at the pole and directrix perpendicular to the polarraxis and p units

to the right of the pole.

r
P - r cos e

r(1 + e ,cos e) = ep

ep
1 + e cosle

(p,0)

directrix

...' .

Repeat Number 8 if the directrix is parallel to the polar axis and

units above the focui'at the pole:

r ze

p - r sin e

z ep
r

1+ e sin e

.

276
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a,

A1-5

10. Repeat Number 8 if the directrix is parallel to thApolar axis and p 0
.

units below the fOcus at the pole,
".

4 ep
r

-1 1 --e tin

11. Discuss and sketch. each.of the-following curves in polar coolkinates:

° (a) r
,8

1 - cos "

I

Since e = 1, the graph is a parabola and its directrix is 8 .units

to the left of the pole.

1,Q

-e

12

3 dbs 9

Since e = 3, the graph is a

to the left of the pole.

c

A

).

erbpla with its directrix 4 units



A1-5

.. %,.
.§..

(c) r
36 5

5 - 4 sin e 4 .J
1 - sin e

5,

, 4
Since e = , the graph is an ellipse with its directrix units

5
below the pole.

/

(364)

270.
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7

A1-5

16.:
1.6 7

(a) r
5 +3 81-' e + sin e

5

3
Since e =

5
- , the graph is

above the pole.

an ellipse with its directrix

(e) rsin0=1-r or r- 1
1' + sin 8

I

16
3

units

Since e = 1, the graph i0)a\axabola-with-iiS-directrix ote-unit,

abcrv1:the7POle.

o

273.
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Ai-5

12. Certain types of symmetry of curves in polar coordinates are readily
detected; For example, a curve is symmetric about the pole if the
equattion is unchanged when r is replaced by -r. What kind of
symmetry occurs if an equation is unchanged when

(a) 8 iS replaced by -8?

Symmetric about the polar axis.

(b) 9 is replaced by n -

Symmetric about the line 9 = .

1.

(c) r and 9 are replaced by -r and -9, respectively?

Symmetric about the line 9 = .

(d). 8 is replaced by n 9?

6ymmetrit about the pole.
itt

13. Without actlIRly sketching-the graphs, describe the symmetries of the
graphs of the following'equations:'

(a) r
2

= 4 sin 28.

Symmetric about the pole. f(9) = f(91- n).

Two lines of symmetry"can be demonstrated, .

the lines, 9 = and

4 sin g(i 9) = 4 siri 6L),

(Eerlfer, it was shown sin(2 x) = sin(i

and 4 sin.2*(-:i +19), = 4 -

since sin(- e) e)

(3) r(1 - cos 9) = 10

1

\'
r

Sfiace f(e).= f(-9), symmetric about the polar axis.

... l 1,

),

I.



A1-5

(c) r,.**cos
2
2e

--//Since f(e) symmetrig about polar axis.

Since f(e) = f(g - 8), it is symmetric about the line e g4

Since cos(x + g) = -cos x,, and this angle is 20, and the cos:

is squared, the lines e =. and e = ill are axes,of symmetry.

0' 14. Sketch the following curves in polar door

c
tnates:

'. (a) r = ae

273

281 .
4

4-0 = o



b

e.

-,

(b) r = a(1 - cos e),

1

/
*-

/

I

a

-,

2

1

274

232 :.

1.:

e = o'

. /

,-

4

"N.
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0

o.

T50

4

3.

I

O

0

4



(d) r = a2 8in 0 cos2

do

t '

N





.

Al -5

15 In_each of the following, find all points of intersection of the given
4' pairs of equations. (Recall that the polar representation of a point

is not uhiqup.)

(a) r = 2 - 2 sin e, r:=. 2 - 2 cos 0..

sin r= cos e,

=

Points

equation

different

tan e,= 1

(2 - iF, i) and (2 + 1 , and since r in each

equal 0, the point .(00) is comIliOn to bot (far
.

.(b) r'= -2 sin 2e, r = 2 cos e.

-2 sin 2e = ,4 sin e cos e ='2 cos e

sin e = - or cos e = 0

9
7%
-6-

11% v 3vor e = ,

(9,3i) and ( 21--r)

5 -

(Os: ., 4(1 cos e), .r(1 -' cos =

,

4(1 + cos'e)(1',.7t e) = 3

1 - cos2 e

sln2 i9 = i
) sin 0 = + 21-

- 2

-',

y 2v 4v a
. 3, 3' 3' 3

a

, 1

(64), (2 :2.1), i (2-, T.),
3):

.

J

A

278 286
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1. - Eliminate

Te6cherts Commentary

Appendix 2

POLYNOMIALS

Solutions Exercises A2-1

a
0

by subtraction in pairs obtaining

Eliminate a
1

Then

13
Since a +,a = - --

2 a 12

O

J

+3af. - 562 + 9a3 = +1

al
3a2 l+ 7a3

-4

+2a1 +.12a2 + 56a3 = t2.

2a
2

+ 12a
3

= -13

6a
2

+ 42a
3

= 10.

72a3 =.-33

33 ; 11
a3 + +

A

12_ 11 37

a2 12 N
a
1

- -3a
2

7a
3

4

1
= [3,37 -.' 711 - 4.24]

62

I

N.= 12;

160 20
a6 =3 al a2 a3 =

I ei

4

. 2877
t

O

A2-1



,

o a
.

--s
2. ac(x - 2)(x - 4) + 12(x + Vx(x - 4) + 1)x(x z., 2)

20

0) = X x

3 5

4)
[2?-(x - 2) + t(x + 1) 1

e

4

1
i)a(x - 2)

tc1+ t)x + t)] + i6(x1)x(x
3x + 21) +41)x(x 2)

x(x20 4)( .
x + + j--0(x +tx(x 2)

= 25.[(x - 4)(-x + 7) (x +'-1)(x 2)]

= [10x - 30] = !(-(x -'20 2

1

Answer:

Check:

x(x - 3)
2

(0,0):

1,2):

<-)

0(-3)
0-

(-92(44) -

1-
. '

to1(11,2):
._(_1.41

2

3)

.

3. (1,2), (0,-1); (2,3)' .-7-
s' ! *or

2.(x- 1X
-1

-

- 2

2)

)

- 2x(x
3
- 27;

l-1- 0

g2(x) 1 W 1
0

+

+

1

1 2- 2
1)(x - 2)

fx\ (x + 1)(x - 1 1

53' ' " (2 + 1)(2 -- 0 - 2 x(x +

g(x) = g (x) + g 2(x)
1

+

5x - -3

3

I I

Check: g(-1) = 2

g(0) = -1
t ,

gk2) = 3

ve-!
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Tolutions Exercises A2-2 e

-7-..-

. (a) and (b) are unstable; (c), (d), and (e) aresiable.
, . #

2. (a) -1 of multiplicity two, and 2.

3rd degree -- sum of multipltc'ities is 3:1
: e

(b) ,l of .multiplicity two, and -2.

3rd degree multiPltcities As 3.

(c)` .-1 .of'MultiPlicity three, and -?.

4th degree -- suln.of multiplicities is' 4.

3. (a) a 1 of multiplicity two, -2 of multiplicity three.

(b) 1. of multiplicity three, 12 of multipficity two.

a The solution set is, ,c1,-2) for both equitiOns.

4. (a), (b), (c), (d) are not closed, as shown by the following list of

expressions:

(a) 2x - 1 = 9.has a root not an int e ,

.

AP
(b) x 2x - 2 = 0 has roots which are not rational.

(0 x2 t 1 = 0 has imaginary roots.

(ci) ix i = 0 has a real root.

(e) is closed. (There is atheorym which establishes this fact.),

r--- 6 ,---*

5. :So far.as the specific examples,
4

are concerned, Y 1.' and y-1 are

solutions of x
4

+ 1 = 0 ,and x + 1 = 0, respectively; In each case,

the Fundamental Theorem-of Algebra guarantees the existence pf a complex

zero. If,the-stuaent id familiar, De Moivre's Theorem, he will know
. ,.
how to obtain, respectively,i`four and six complex -number sdluti:ons. More

.

generally, any root of a complex number, is A, complex number. It is eve

the caset4at 1 complex powers (or roots) of complex nklmbers are complex
,

numbbrt. Hen d', "super -complex".numbers are unnecessary. (See Fe 2

Howard F., Secondary Mathematics, A Functional Approach for TeacheA,
. .

0

;

D. C. Heath, 1951.)

/
282

290

r



1- (a)

2. (a)

'Solutions Exercises A2-2

and (b) are unstable; (c), (d), and (e) area stable.

-1 of multiplicity two, and 2.

. ,

3rd degree -- sum of multiplicities is 3:I

(b) 1. of. multiplicity two, and --2.

3rd degree --*sum.of multiPlteities is 3.:

. ,

(cr -1 .of multiplicity three, and

4th degree -- suln.of multiplicities is 4.

,

3. (a) 1 of multiplicity two, -2 of multiplicity three.

(b) P1. of Aulti-plicity three, -2 of multiplicity two.

The solution set is, for both equgtiOns.

4. (a), (b), (c), (d) are not closed, as shown by the following list

I ekpressions:
j

(a) 2x - 1 =
-

.(b) x
2

2x -

(c)- x2 t 1 =

d) ix =

(e) is closed.

9

0

0

has a root not an int e "

= 0 has roots which are not rational.

e

has imagihary roots.

has a real root.

(There is a theorp which establishes this fact.).
-2-

5. So far.as the specific examples. are concerned, P

solutions of x + 1 .= 0 ,and x
6

+ 1 = 0, respectively.' In each case,
, -

the Fundamental Theorem.of Algebra guarantees the existence pf a complex

zero. If,the-student 1.4 familier"with De Moivrets Theorem, he will know

how to obtaini respectively,l`four and six comple3c-nunibel4 solutions. More

generally, any root of a complex number, is a, complex' number. It is eve
.

.

(or roots) of complex ntnibers are complex

numbers arg unnecessary. (See Fe

and y-1 are

-

the case tliat 1 complex powers

-nuMbbrt. Hen ,2 "super - complex "..

Howard F., Secondary Mathematics,

D. C. Heath, 1951.) .1

A Functional Approach for TeachlA,
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. Soluti

.

ns Exercises ELI'..1 .,?,.

1. rx -(2 + i))(2:- (2 - i)fx - 1)(x - (3'.--21))(xl-

`- = (x2, - .4;+ 5)(x - 1)(x2 .- 6x + 13)

= -(x4-- 10x3 + 42x2. - 82x + 65) (x -. 1)

.-. x' - i1x4 + 2x3 - 124x2 + 147x -.65
. It

, .

.0The coefficient of x is -11. -.The sirs of the zeros is

-,(2 +.i),+ (2 -. + + (3 + 2i) which is 11.,

The sum is the negative of the coefticieni of x
4

. The constant term
4

is -65. The product of the 'zeros is (2 + 1)(2 - i)( 1)(3 - 21)(3' +21)

which is .65. The product is the negative of the constant term. '

(a). x -%x (.+ 31) = x - 2 - 3i

((.2 31)/gx - (2 - 3i)) ='[(X -.2) -43.13((x.
I,

." = x2 - 4x + '13 ,...

(3

(b) -1,

-1 + -IT -1 - imj"

2 . 2

1.+ i ;5 '1. r Y 3777-. ?

(c),, 2,
2 ,,'

s 0

(d)

I
-2i

°(e) 1 of multiplicity two, 3i, -3i

(k) -1, 1, -1, each .of multiplidity.two.

---,

(i). I, i., ---ii each of multiplicity two. Note that these roots are the
. A , .

...----, negatives of the roots.in (f), a* would be expected from inspection

of the tw quations.'

c8.

r-
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)

4 .

.'5::1.1sing either of the proofs of Theorem A2 4a as ,a model, two proUfsteY be

shown. Only one is given here.
z , . .

pfVenc'f(a +.1:1,1) = 0, a and b are rational numbers,, b i Q.

To prove: (a - bi) := 0
.

IProof: Let p(k) = [x - + b /)][x - (a 1:40]

p = [ (X - a) - bZ](ci - +

= (x - 2b2.t
fl

.,.-

ve

'The coefficients of p(x) are rational. If f(x) is divided by p(x)

we.get a quotient c4x) and 'a remainder r(x) =x + k, possibly of .

degree 1 (but no greater), where h, k, and 411.coefficients of-'

E' q(x) are rational. Thus, ..

.

f(XLI-- P(x q(x) + Ax'+,k.

This is..an identity in x.' By hypothesis, f(a + bi2-) = 0, and from
... ,-..'

.

.

, p(x) above, p(a '+1:4,2X = 0, so we get ...

.4

,

I

0 = 0 + ha. + hb,/, + k.

,

If hb is not zerp,.we get

-ha

hb

-It
- where (h, a, k,. and b

are rational, which is impossible... So hb = 0, andsince b # 0, b,

must equal zero, and as a consequence k, must equal zero. Therefore;

f(x) = p(x) q(x)..
/ i

Since p(a - i)112),.= 0, it follows that ffa`-.- b) = O.

6. x4-4 fx - (3 + 2, )][x - (3 - 6x +11

)

7. For a + bIg, the proof given in the answer-to rxercise)5 will be

correct if I is substituted for Z.

For a bIN there is no comparable theorem sinc ,ethe.root is

, rational and there is no conjugate surd. If aproof like that in
-

Exercise 5 is attempted,,it breakdown at the step

-ha - k

hb

If 4 is substituted.for 2, both sides are rational and the contra c

.tion needed in the proof does not appear.

..

1'
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. 8. (a) f x
X2+

+ 21/Dx - 3 +21
A

(b) f x --x3 5x2 - 9x - 3

. f x
4

- 10x
2

+ 1 (The zeros o the Function are, 1.5 + 154if,
and -V A, and . -I 7"

.7'10. (a) (1) Degree 2 x -> x2 - 2A- x + 3)

(2). Degree 2 (x x2 2x + 3)

(3) Degree 2 (x -) x2 7 2A- x + 5)

(b) '(1) Degree 4 . (5: -)x4 - 2x2 + 9),

(2) Degree 2 0(/ -4.x2 - 2x +3)

(3) Degree 4 _vx4 2x2
+ 25)

(
(a)

..,:7---,,
(Solution for part (1) o (a, and (0). A polynomial:functionhaving

/
only the zero i + i f (1. + A-). This function-has. ,.

4

imaginary coefficients, but we can obtain from it a function with real -

coefficientsas follows. Writ, the equation x - (i o+ + /2) = 0 'the

form x - A- = i. Now square, both member,s and rearrange the te?ns to

obtain the equation
. '

/

* . x
2
- 2A x + 3 = O. . 4

This is the equation correbponding to the function given as the answer to

Tart (1) of (a). It has real coefficiTnts. If we now write this equation

in the form x
2

4 3 = x and again square both members, we obtain the
equation x - 2x2 + 9 = 0 with rational coefficients. From this we have

the answer to part (1) of (b).

An alte'lnativeproCedure for the two parts of this Tiestion depends

upon recogdtiOn of the fact that if it + V is a zero of a polynomial

function withe'real coefficients,kthen the coMPlex conjugate -i if is

.

also a zero of the function. Hence, the functiorrof minimum degree having t '

the zeros i + V and 71....+ »will be the answer-td'Part (1)of (a).

To obtain a-function of minimum degree with rational oefficients, the

be introduced. Hence, theadditional zeros . - A- and -V- V must

function will be of 4th degree ancryili have

i.- A-, and -i -.Z. This is the 4Unction

(1) (b)

' 285
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the zeros i + + A-,

given as the'answer to part


